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An Essay on the Calculus of Enlargement. 

By Emory McClintock, F. I. A., Actuary of the Northwestern Mutual Life 
Insurance Company, Milwaukee, Wisconsin. 
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A. Outline. 

1. The Calculus of Enlargement is, from one point of view, an extension 
of the Calcul us of Finite Differences ; from another, an extension of the Cal- 
culus of Operations. It comprises, as its most important branch, the Differ- 
ential Calculus, included in which is the Calculus of Variations. The scope 
of this new science is, therefore, comprehensive. Its method, on the other 
hand, is simple. My present object is not to exhibit it in a methodical trea- 
tise, but merely to give a preliminary sketch of it, and so to publish its dis- 
covery. 

2. The Calculus of Enlargement is, fi'om one point of view, an extension 
of the Calculus of Finite Differences. It has for its basis the well-known 
operation E — 1 + A , or rather, as I prefer to state it, the operation e*, where 

E^^ = ^ + ^ , (1) 

eV(^)— ^(.a;-f A). (2) 

I call this operation Enlargement.* 

*The term is elliptical, since by the Enlargement of a function is meant that change which results from 
the enlargement of the variable. It would probably be hard, however, to find a more appropriate name. The 
word Enlargement has this further advantage, that its initial letter has been long in use as the symbol of this 
operation. It will, of course, sometimes be necessary to call that a negative enlargement which is in reality a 
diminution, just as the word increment sometimes denotes that which is arithmetically a decrement. 
Vol. II— No. 2. 101 



102 McClintock, An Essay on the Calculus of Enlargement. 

3. From another point of view, the Calculus of Enlargement is a modi- 
fication and extension of the Calculus of Operations, or doctrine of the Sepa- 
ration of Symbols. The symbolic method, as usually explained, concerns 

itself with the symbol of diiferentiation, -r- or d, and with the various func- 
tions of that symbol, considered apart from the subject of operation ; and 
among these functions of d is E zr e". The Calculus of Enlargement, on the 
other hand, regards E as the fundamental symbol, and takes cognizance of 
other symbols only in case they are, and because they are, functions* of E. 
Among such, of course, is d = log e. If we conceive the symbolic method 
to be modified and defined in this manner, and to be ranked as a science by 
itself, instead of a mere auxiliary principle ; and if we further conceive this 
science to be so extended as to include not only, as at present, the separate 
treatment of symbols of operation, but also a complete discussion of the 
operations denoted by such symbols, their definitions, uses and consequences, 
we shall have in mind the Calculus of Enlargement.f 

4. The theory of diiferentiation, comprising the Differential and Integral 
Calculus and their applications, and including the Calculus of Variations, of 
which the fundamental operation is differentiation with respect to an imagined 
variable, forms the most important branch of the Calculus of Enlargement. 
The algebra of the functions of E is subject to all the laws of ordinary alge- 
bra; and the theory of differentiation is that part of the calculus which corresponds 
to the theory of logarithms in algebra. 

5. In this manner is effected the orderly unification of those branches of 
science which I have mentioned. Writers on finite differences have said 
repeatedly that a differential is but a certain kind of difference, so that the 
differential calculus may be regarded as a part of the former science; but the 
connection thus indicated is so trivial, and its consequences are so insignifi- 
cant, that the claim excites no attention. N^evertheless, it will be agreed that 
the boundary line between these two branches is but indistinct, and that their 
formal union, supposing it to be accomplished in a natural and simple man- 
ner, is a result to be desired. The obvious connecting link is the equation 

*By "function" of x, throughout this essay, I mean a quantity which can be expressed by a series of 
terms, each of the form ax" , where A and a are independent of x, and are not necessarily integral or positive. 

f "This branch of science [the Calculus of Operations] is yet in its infancy, but already it has been the 
instrument of greatly extending the domains of science, and we may reasonably look to it for the next great 
step in the direction of mathematical progress." — Daviks & Peck, Mathematical Dictionary, p. 401. 
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Er::e'', or its converse, D zn log e. The union must be effected, if at all, in 

one of two ways. On the one hand, we may begin by defining — or r, and 

then proceed to E =r e" and A =:: e"* — 1. This is the unnatural order hitherto 
tacitly followed, not only by those writers who have appended a chapter or 
two on finite differences to their treatises on the differential calculus, but also 
in works devoted to finite differences, all of which, in ■ late years, assume a 
prior knowledge of differentiation. A student is first taught differentiation ; 
later, he learns the doctrine of the separation of symbols, and finally, if suffi- 
ciently zealous, he takes up finite differences. In the latest book on this 
subject, that of Boole, the reader is referred, for the readiest proof that D, E, and 
A are mutually subject to algebraic discussion, to a passage in that author's 
work on differential equations. We may, on the other hand, adopt the more 
natural order, defining e first, and giving afterwards, as one of its functions, 

D = log E. (3) 

This well-known equation has not hitherto, I believe, been proposed as the 
definition of the symbol, and therefore of the operation, of differentiation. To 
say that Differentiation is the logarithm of Enlargement would seem, and 
possibly be, a quasi-metaphysical absurdity ; but we can and should say that 
Differentiation is that operation whose symbol is the logarithm of the symbol 
of Enlargement. Of the two operations, the simpler should be defined the 
earlier. Now 

E^ {x) =^{x +1) (4) 

is a. simpler statement than 

D^(^) = ^J^L±to^)^,^„^. (5) 

These operations, e and d, are functions of each other, and whichever is de- 
fined last must be expressed in terms of the other. That D shall be defined 
in terms of e is the most important feature of the Calculus of Enlargement. 
6. The theory of differentiation, I have said, is that part of the calculus 
which corresponds to the theory of logarithms in algebra. This proposition 
leads directly to very important consequences. Since d is a function of e, all 
theorems which may be discovered concerning ^ (e) will be true of d, and 
also, more generally, true of 4' (d), supposing ^ {x) =. 4 (log x). I shall show 
that in this manner the known theorems of the differential calculus can be 
proved, and novel truths discovered, by a method almost startling from its 
simplicity. Again, from every known or ascertainable proposition in the 
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theory of logarithms we shall derive at once a corresponding proposition in 
the theory of differentiation ; while, conversely, additions will be made to the 
theory of logarithms analogous to known truths in that of differentiation. 
Finally, from every known or ascertainable equation representing log x in 
terms of ^, or of any simple function of x, we shall derive a corresponding 
explanation, or practical definition, of the operation of differentiation ; includ- 
ing not only the well-known explanation conveyed by (5), but also others in 
unlimited number, some of them very serviceable. 

7. An outline of the Calculus of Enlargement has now been presented. 
Its brevity places it under a certain disadvantage, yet to treat the subject 
properly would require the preparation of a complete digest of the Calculus. 
jS"ot having immediate opportunity to elaborate a work covering so much 
ground, I am compelled to confine myself for the present to a statement of 
the general principles on which such a digest should be prepared. The 
remainder of this essay will be devoted to the presentation of such new special 
theories as seem needed to complete the system. 

B. Suggestions in Detail. 
I. Theory of Logarithms. 

8. An obvious objection to the use of log E as the definition of d lies in 
the obscurity of the idea of the logarithm of an operative symbol ; and to go 
further back, this obscurity is due to the ditficulty of comprehending loga- 
rithms at all. It is said by De Morgan {Calculus, p. 126) that the only defini- 
tion of log X used in analysis is y, where e^ :=z x . When x and y are not 
numerical quantities, this is clearly unintelligible. It is certainly impossi- 
ble to understand the expression e", so frequently employed, if we suppose 
it to mean, as it must mean unless otherwise defined, the Dth power of the 
constant s. Even when x and y are numbers, the definition is but indi- 
rect at the best. The alternative definitions which I have to suggest 
correspond identically with the explanations which will, further on, be 
given concerning d ■=. log e . We may consider log x to be y, where 

^^il-j-jZ-f-^-y-f r-g / + ...; or we may regard it as a vanishing frac- 
tion, or as an infinite series. The simplest series, and probably the most 
intelligible definition, is Mercator's well-known series, 

\og{l + x)=x-~x''+^ a^- (6) 
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9. Whatever definition of log x be adopted, it will be desirable to lay 

1 

2~ 



down the following definition of an antilogarithm. The series 1 + y + -„- y^ 



+ TT^lt + ... is a function of y ; let it be known as the antilogarithm of «, 

and let it be denoted by the functional symbol s^. We may proceed as fol- 
lows to investigate the properties of this symbol. By actual multiplication 
of the series, we shall find that eV = e'' + 2', where x and y may have any pos- 
sible meaning. By an obvious extension of the same principle, 

(e^)* zr e^^ (7) 

h being any numerical quantity, positive or negative. Putting ^ := 1 , we see 
that {s^f zr £*, from which we see that e* is equal to a certain constant raised 
to a power denoted by h. It is usual to call this constant s. When h is not 
a symbol of quantity, it will be safe to regard e* as a symbol merely, accord- 
ing to its definition. In short, for all meanings of x, we have the well-known 
exponential theorem, 

^=l^a;-^\x''-\-^^x^+..., (8) 

where, if ^ is a symbol of quantity, e is a constant, whose value may be found 
by putting x z=:l: 

Having established this understanding concerning the symbol e, we may 

define log x to be y, where x =: s^, or where x:=l-\-y-\- — y^-\-...; and the 

various theorems concerning logarithms may be developed in the usual 
manner. 

10. Another and, when duly weighed, most satisfactory definition may 
be derived from any one of an unlimited number of vanishing fractions, 
special cases of the general form 

^ (1 — a)h jj. — oA 

log X = j^ , (10) 

where h is infinitely reduced, that is to say, more briefly, where h=zO . This 
fraction is doubtless novel, though one case of it, where a=zO, is known. 
Even that case has not, I presume, been suggested heretofore as a definition. 
From (10) we have at once, substituting the equivalent series for e^, 

\og8^=y. (11) 

The various theorems pertaining to logarithms may be derived with the 
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utmost facility by the aid of these vanishing-fraction definitions. Thus, if 
a = , we have, by expansion, 

log (eV) = (f!?!^ ^^ ^ ^^ _ ^ _^ ^ _ log ^. + s, ^ (12) 

log (1 + or) zz l~ [A = o] = ^ — -g- ^' + Y a^— (13) 

11. Equation (6) furnishes, perhaps, the most intelligible definition of a 

2 



logarithm. It is easy to form the idea of a function of the form x ^ ^^, 



and the conception is not rendered more difficult by adding a term — 

multitude of terms similar in form. The notion of the sum of a series of 
integral powers is simpler than that of a vanishing fraction, and is also sim- 
pler than the customary notion of a logarithm, which involves, in an obscure 
and inverted manner, a fractional, or rather incommensurable, power of a 
strange looking constant. For instance, 

3 3 

is a more intelligible definition than log — =zy, where -^ =: e^, where 

e=:l + l + -^ + ---» When x lies between 1 and — 1, the series (6) is 

convergent, and the value of the logarithm may be obtained by approxima- 
tion. When X is algebraically greater than 1, the series is divergent, but it 
may readily be shown that its sum is finite. Assuming what will shortly be 

11 11 

proved, that ii y = x — ^ x" + T^^~' ' ' ' ^ = ^ + "2"^'"'"2^^ + --'' 

one series being algebraically the reverse of the other, we observe that the 
latter series is essentially convergent, and that when y:=0, x=:0', when 
y=:<X), ^ =r oo ; and when y varies continuously from to oo, ^ does the same, 
having a positive finite value for every positive finite value of ^. The converse 
proposition is, therefore, true, that y, or log (1 + ^) , is positive and finite for 
every positive finite value of x. The assumption just made is legitimate, for the 
proof of the reversion will certainly be accepted when x<Cl, and the law of the 
coefficients of the reverse series cannot be different when x has any other value. 
12. The various theorems relating to logarithms may easily be derived 
from this definition. Thus, by the binomial theorem, supposing 1 -< a <; 2, 

a'' = [1-^ a-iy = l + X (a-l) + x"^ {a-iy + . .., (15) 
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which may be written 

a" z= 1 + a;ci + oc% + . . . , (16) 

where c^ =. log a. Hence, 

^.+y -ay{lJ^ xc^ + cc% -\- . ..) = !+ {x + y) c^-\- {x -\-yy g^-\- (17) 

Placing the coefficients of x equal to each other, a proceeding to which in this 
case no objection can be urged, we have 

«% = Ci + 2c^ + ^c,f + (18) 

But 

«% = Ci + G^c^y + c^c^'' + ■ . . ; (19) 

hence g^zzi— c\, Cg zz — - CjCg =: ^-^ cli and so on, so that 

a^ = l+yloga + ^f{logay + ^^f{\ogay-\-.... (20) 

Since, by (7), 

^^logay^^Mogu^ (21) 

we perceive, on comparison of (20) with (8), that, if % = log a, 

s'"^" = a, (22) 

s''y=l + ny+^ny + (23) 

The applicability of (22) is limited by the supposition that 1 < a < 2. This 
limitation may now be removed. Suppose wi rz: « — 1, then wzz log (1 + m), 
and if from the series log (1 + ™) we seek by reversion to determine the value 
of m, we find it to be, however far the reversion may be carried, 

m = n + -5- «.^ + r— - w^ + . . . . (24) 

We see by (22) that the law of this series is true for certain values of n, and 
the coefiicients, independent of n, must be the same for all other values, 
so that (22) is universally true. Hence, for all meanings of x and y, 



e 



iog(xy) 



— xy — i"^ V8 y — £""8 ^ + '"8 \ (25) 

log {xy) = log ^ + log y ; (26) 
and again, from (21), % being a symbol of quantity, and n having any assign- 
able meaning, 

v!" — e*'"^'' , (27) 

log ■M^ =: h log M. (28) 
13. That log X may be expressed in terms of x is well known. It is only 
necessary to write out the development of 

log X - log ^^, = log (l + x)- log (1 + X-') . (29) 
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It is possible that the fact has not been noticed that an unlimited number of 
similar developments may be produced, the general form being 

log 0? = -i- [log (1 + x"") — log (1 + ^-")] , (30) 

n having any value, positive or negative. 

14. To explain the meaning of D = log E, we must employ such expres- 
sions as can be found equivalent to log x, substituting E for ^ ; and it is 
desirable, to ensure breadth of view, to find as many such expressions as 
possible. I shall now present a general logarithmic series, which will be 
found to include as special cases not only two or three expressions already 
known, but also several important expressions hitherto unknown, besides an 
unlimited number of less useful variations. Let j/m a;**^~"^ — iP"*";* then 

, y f. , 2a— 1 , 3a — 1 3a— 2 ^ \ .„^, 

log^=|(l + -^y + -2 ^f +...). (31) 

This series may be derived from (6) by writing, for {1 -\- x) , x^ ^z 1 -\- yx^, 
and performing the necessary successive substitutions ; but this process does 
not seem capable of furnishing a satisfactory algebraic demonstration. For 
the present, I must content myself with saying that the law of the series may 
be verified by reversion to any given extent, and that it may be demonstrated 
at once by Lagrange's theorem, as well as by another, and perhaps simpler, 
expansion theorem which will be- given further on. The more important 
special cases are separately susceptible of algebraic proof, so that the tempo- 
rary lack of a complete demonstration of the general series is not perceptibly 
detrimental, though certainly to be regretted. 

15. Since a and h may have any value, the number of logarithmic for- 
mula3 which may be deduced from the general series is infinite. For h, how- 
ever, but two values, 1 and , can advantageously be taken, all other values 
giving results substantially equivalent to those obtained when h = 1. Let 
us first consider the case where h=.0 , and consequently y = . In this case 
all terms vanish except the first, which we may call the general logarithmic 
vanishing fraction : 

\ogx=\ = = -0-- (3^) 

We interpret this, of course, to mean that log x is the limit of the ratio of 
rji.(i-a)h_^-ah jj^jj^ j^^ when h is indefinitely reduced. I shall have frequent 

*rormul8e more symmetrical, though less simple, may be obtained by writing — - (1 — i) for a. 
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occasion to use the symbol to express a variable to which the value is to 

be assigned, as in the present instance. Concerning vanishing fractions in 

general I shall have more to say later. A simple proof of (32) may be had 

by expanding, in terms of Ti, the ratio mentioned, employing the exponential 

theorem, and afterwards making A =r . In fact, a formula still more general 

in form may thus be obtained. For, u being any function of x having a finite 

logarithm, 

uV z=.l-\-h (log u + log x) + A^P , suppose ; (33) 

M* = 1 + A log M + A^Q. (34) 

Subtracting, dividing by Ji, and making Ji-=zO , we have the general formula 
in question, which, like (32), is probably new, 

log^ = ^-^. (35) 
If, in (32) , we put a = 0, a = l, a=z — , respectively, we have 

log a: = ^ , (36) 

log^ = ^~=^, (37) 

a _ 

log X = — ^— , (38) 

of which equations the first is known. 

ft 

16. Before making h = 0, let a=—j-, where c is any arbitrary quan- 

tity, either positive or negative, so that -j- =z x' — j~ = x' log x . Let z=t — at/ 

=z ~- = ex" log X. Then, from (31), 

log^ = i-(.-.^+|-.^-il.^ + J^.^-...). (39) 

We may notice particularly two special cases. If c = 1 , 

2 



log x = x log x — {xlogxy + -^ (x log xf—...; (40) 



while if <? =: — 1 , 

iog.=fe+(!^y+A(t«)'+.... (41) 

These interesting series appear to be new. The first of the three is not in 
reality more general than the others, since it may be derived from the second 

29 
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by writing x% and from the third by writing x~% for x. We may verify (40) 
to any desired extent by reversion of 

x\og X =. e^"^"^ log a^ = log ^ + (log xY + -g- (log xy -{-... . (42) 

17. If A z= 1 , we have the general series in the following simplified form, 

still probably novel, 

, , 2a- 1 2 , 3a- 1 3a— 2 „ , .._. 

loga^ = j/ + ^— /+— 2 3-/ + ..., (43) 

where^ =r ir*~" — ir~". If a = 0, j^rra? — l,and 

log a; =(^-1)- 4- (^-1)^+..., (44) 

as by (6). Ifa = l, y = l— a;~\and 

log^z=:(l-^-i) + Y (1-^-^)' + ..., (45) 

which expression, due, I believe, to Lagrange, may be regarded as conjugate 

to the one preceding. If a r= — , a proper fraction, the coefficients of ^'', 5/^", 
&c., disappear. 

18. If yi z= 1 and a-=. — , the resulting series is remarkable, since every 

alternate term disappears, and those terms which remain converge rapidly 

1 _ 1 

fit n*% />; ^ 

when X is not far from 1. Supposing t-= -^ =. — - — , the series is as follows : 

, „ /^ 1 <* 1 3 i» 1 3 5 i' , \ ^ , ... 

3, \ 

The law of the coefficients may be proved as follows. Let u ■=. — — ; then 

1 + M 

X ■=. , and log x = log (1 + ^) — log (1 — u). In the expansion of this 

expression let u be replaced by its equivalent i [1 + f)"^, and let the several 
powers of the binomial 1 -\- f be developed. It will be found that the 

coefficient of t", for even values of n, is ; for odd values, let m :=— n, 

Jt 

and the coefficient of t^ will be composed of m + — terms of the series 

*A special case of this formula, giving log E in terms of , has for some years been known, and 

it is surprising that its generalized application to all logarithms should not heretofore have been suggested. 
The formula for log a was first published, so far as I am aware, in a communication made in 1865 by Hansen to 
the Koyal Society of Saxony; but he did not assign the law of the series, which was communicated by Mr. 
T. B. Sprague in 1871 to Mr. W. M. Makeham, and published in the Journal of the Institute of Actuaries. Mr. 
Sprague's proof was by the method of indeterminate coefficients, with differentiation. 
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— (l— m4- m ^^ m ^^^^ ^^^^^ +,..), the sum of which, by a known 

m \ 2 2 3/ 

algebraic formula, is ^^ / — j— > where x^'' =z x (w -\- 1) {x -{- 2) . . . (x-\-r — l). 

G)'" . . (-1)" 1 

Thus, if % r= 1 , the coefficient is -; = 2 ; if w = 3 , it is — ^ = — -^- 

JL 1(0 A. 1(1 3 

or 2 r — 2~t)' ^^^ ^^ *^"' ^^ ^° ^'*^)' 

1 2 + 1 

19. For substitution in (46), let z= — ^, so that x= ; also, let 

u = 4z{z-}-l) z= t~^. Making these substitutions, and multiplying both 
members by \/[z[z-\- 1]), we have 

,/r, 1-1x1 2+1 -1 11,131 1351, ,,^. 

V(^[^ + l])l0g-^ = l--2-3^ + -2--^5^-^^y 7^s + ..., (40 

a formula which will be found useful in the computation of logarithms, and 
which may be compared with the known series, 

(^+|)log'-±~' = l + i + i + ..., (48) 

(J V 2 .2+1 
2 + -^ j . In the one, we have, for determining log , to 

make use of \/{z[_z -{- 1]), the geometrical mean between z and 2 + 1, while 

in the other we have to employ z -j- -^, the arithmetical mean. Suppose 

that log 3, and therefore log 9, are known, and that it is desired to calculate 
log 10. Employing the usual formula (48), we have a very convergent series, 

19 1 10 1 ■ 1 , 1 , /^m 

^log- = 1 + j^ + ggjg^ + . . .; (49) 

but by (47) we obtain a series still more highly convergent, 

V90 log Y = l -21^0 + 172^-- • • • (^^) 

20. I conclude these suggestions concerning the theory of logarithms by 
presenting two novel approximative expressions. First, 

log x = ^^ ^^ , nearly, (51) 

whenever x is not far from 1. By development in terms of x — 1, we find 
that this expression differs from log x by a quantity arithmetically less than 
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— 6?r- • ^01* example, iix — 0.99, log ^ = — 0.010050335858, nearly, a result 
too great by 4 in the 12th place of decimals. Again, 

log a; = 2 ^ (^-j-^ + ^/— ) , nearly, (52) 

whenever x is not far from 1, the error being arithmetically less than ^ . 

For example, log 0.99 == — ^^^ — ^^ , nearly, which is correct in the 12th 
place. 

II. General Theory of Operations. 

21. Algebra takes any symbols subject to these three laws, 

x{y + z)=xy-\-xz, (53) 

the law of distribution ; 

xy = yx, (54) 

the law of commutation, and 

x'^x" = o(r + '', (55) 

the law^ of indices, and proves that certain theorems concerning such symbols 
follow necessarily from the laws. The various theorems of algebra are as 
true of all operative symbols subject to the three laws in question as they are 
of common symbols of quantity. Any correct process of reasoning applied 
to such symbols of operation produces correct results, by precisely that kind 
of proof which it is necessary to employ regarding symbols of quantity. 
There is no novelty in these preliminary statements. At first, the symbolic 
method was used as an instrument of discovery only with the utmost caution, 
and its results were not fully accepted until otherwise verified. Its absolute 
trustworthiness has, however, been established by the clearest methods of 
demonstration, and no mathematician now doubts the algebraic truth of any 
intelligible symbolic result. If any doubt remains, it is when a divergent 
series appears. 

22. I would define a simple operation to be one which changes a function 
by alteration of the variable. For example, the change of ^x (it would be 
more formal to write ^ [x], but I shall omit the brackets where no ambiguity 
can arise) into ^-^x is a simple operation. All simple operations are obviously 
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distributive, though some distributive operations are not simple. For exam- 
ple, Dx^ir: mx'^~'^ is not a simple operation. 

23. Let s* represent any operation such that 

s'^<|)^ 1= ^%f. - 1 (4^ + A) . (56) 

Here s indicates the kind of operation, depending on the form of '^, and h 
represents the degree to which it is carried. 

s™s>^ ■= s'"<|)4' - ^ (li^ip + «) = ^4- ~ ^ (4-4' ~ ^ [4^ + »*] + »») 

= ^4 - 1 (4,a? + m + ^0 = s"* + >a: . (57) 

The operation s* is, therefore, subject to the law of indices, and it will simi- 
larly be seen that s*" and s" are commutative with each other and with con- 
stants, that is to say, 

s™s"c4)^ ■=! cs''s™4)a; . (58) 

For s^ it will be sufficient to write s, without the index. The index h may, of 
course, have any value, whole or fractional, positive or negative, or it may 
even be a meaningless symbol ; meaningless, that is, until some meaning is 
arbitrarily assigned to it. 

24 Let/iS be any function of s, the general form being 

/S = ajS^i + ffaS^a + ffsS^a + . . . , (59) 

where «i, ^2 . . . , j>i, j?2 • • • > ai"e independent of s, and have any assignable 
meaning, so that 

fiB^X = («iS''i -^ . . .)^xz=. «i^4~* (^^ +i>i) + • • • . (60) 

It will be seen, on examination, that all such functions are distributive and 
repetitive, and it is easy to show that they are also commutative. Let/aS be 

another such function, say 

/2S = M*: + &2S'^ + ...; (61) 

then 

/;s/2S^.r = fsfiS^x . (62) 

The general terra of /jS is, let us say, ff^s^", and that of /aS, 5„s«"; then the 
general term of/Js/^swill be a„s''"'J„s*" , and that of /^s/iS will be J^s'^^^sp-", 
which, by (58), are seen to be equivalent expressions. It follows that all 
terras of the two expansions correspond, so that the operations denoted by /is 
and/js, that is to say, all functions of s, including constants, are commuta- 
tive with each other. It follows that all functions of s may be combined or 
transformed in any usual algebraic manner, apart from the subject upon 
which they operate. 

30 
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25. The consideration of the functions of s, after the form of 4', and there- 
fore that of s, have been assigned, constitutes, in the nomenclature of this 
essay, a Calculus. Since 4") aJ^d therefore s, may have any form, there may 
be an infinite number of such branches of science called Calculus. The opera- 
tions comprised under one calculus will not usually be commutative with 
those of another, but two or more operations belonging to different systems 
may be treated separately from the subject on which they are performed, pro- 
vided care be taken not to change their order. 

26. In every calculus the most important branch is that which corre- 
sponds to the theory of logarithms in algebra. There are several important 
theorems which are thus, in a sense, common to all such systems, having 
their common origin in the theory of logarithms. Whatever be the meaning 
of s, let B =: log s ; then from paragraphs 13-18 we shall derive at once a num- 
ber of expressions giving E in terms of s or of simple functions of s, expressions 
which it is not necessai-y, for present purposes, to write out. As an illustra- 
tion, we have from (36) 

Let il-^zzai-^^ and let what s becomes under this supposition be denoted by 
H ; then 

and the calculus composed of all functions of the symbol h may be called the 
Calculus of H. To show the use of (63), let ^x=.x'^; then, if g = log h, 

G^" — J , (65) 

where hz=0, whence after development, assuming the binomial theorem, 

Ga^'^rr — na^» + ^ {66) 
Again, 

, log X — log (1 -f- xh) — loa; x ,„>,> 

G log ^ = -^ ^ ' (^^) 

where h = 0, whence 

G log w = — x. (68) 

27. The widest generalization of Taylor's theorem which I have been 
able to discover is that which gives s* in terms of hu. Since s* =. e*", we have 
from (23) 

s^ zr 1 + /«B + ^ h^n" + J- h'R' + (69) 
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As a single illustration of this theorem, let us, in the Calculus of H as before, 
expand h* log x z=. log x — log (1 + xli) : 

log X — log (1 + xh) = log X -\- hGr log X -\- -^ h^Q^ log X -{- . . . 

1 1 

rr log x^hx -\- -^ Wx^ -^ n,o^ -\- . . . . (70) 

28. A connecting link between any calculus, say that of s, and any other, 
say that of s', may be found as follows. From (56), 

s>^ = ^i!-^{^'x + 4'4~' [^^ + ^] — ^'^) = s'('"-'^*'^^^. (71) 

From (69), writing t and t for series containing r^ as a factor, we derive this 
transformation of (71), 

(1 + nR + t)^x—{Y + \f— 1] i!x.^-{-t)(i>x—{\.-^\im^t'\ 4'x.u'+ ^)<|)ic; (72) 
whence, equating the coefficients of 7^, 

-&(pX = E v|/'^ . R'(|)^. (73) 

Let (px-=.'^xz=. -^'x ; then R' =: R, and 

n^/x =. R^iP . n4^x, (74) 

whence, generally, 

R;|.^ = 1. (75) 

For example, in the Calculus of h, 

Gx-' = 1, (76) 

as by (66). We may, indeed, derive (75) directly from (63). 

29. If there is more than one independent variable, it is proper to write 
s^, Sy, &c., the subscript letter denoting the variable with respect to which the 
operation is performed. Of two simple operations, s™, s^, performed succes- 
sively on ^(x, y), it is a matter of indifference which comes first, the result 
in either case being <|) (^--^ \i^ + H > '^~^ \.^y + *0) ' ^"^^ '^^ might readily be 
proved that all functions of two such independent operations are commuta- 
tive. 

30. If the operation Sj,s^ be performed on a function of u and v, where u 
is a function of y and v a function of z, and if we then make y and z both 
equal to x, the result is the same as if we first make y and z equal to x, and 
then operate with s^. The same remark applies to all powers, and, therefore, 
to all functions, of ByB^. If, instead of y, we write x\u^ which may be inter- 
preted "^ varying only in m", and instead of z, x\v, "x varying only in ■?;", 
the double operation s^|A|^ is the same as s^s^, and is equivalent to s^. The 
symbol 8^|„ represents what may be called a partial operation, performed with 
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respect to x in u. If u-=.x, we shall have the symbol Sj,|^, which is need- 
lessly cumbrous in appearance, and may advantageously be replaced by the 
abbreviated form Si^,. In general, ;^ being any function, 

^^xZ C*'-, ^, w . . . ) = ^ (So^i A| A|» • • • ) Z (^) "") "^ • • • ) • C^7) 

Also, 

^s, I ^x (^) v)=^ (SA 1 r ') Z (««» "") • (78) 

Substituting ^ log for <^, 

^R».%(«, v,w . . .) =^(e^|„ + k^,^ + b^i„+. . .)x{u,v,w . . .), (79) 
<?)E^ I ^x (^) ^) = ^ (Ro. — R:. I .) % («, v) • (80) 

As special cases, among others, 

E:Z(«, -y, W • • •)=».!»+ Exl.+ K^l«.+ . ' •Yz{l^,'>^iW . . .), (81) 

B^M'y := ■JJBj.'M + UU^V . (82) 

31. If M is a function of x, any other function of x is of course a function 
of u, and may be operated upon by any function of s„; but functions of s„ and 
functions of Sj. are not usually commutative. It may be shown that s„ is 
equivalent to s',., where s' depends on -^'^ and where m, 4, and 4-' are so related 
that, when two are given, the third is determined by the equation 

-^ = i^'x . (83) 

Starting with this equation, we have, successively, 

ZU- ' (4« + n)= z^'4'' - ' (^'^ + «) , (84) 

s:x^u = s':z<^'x; (85) 

whence, since 4^ =: 4''^ , 

s: = s':, (86) 

4)S„ = ^s;. (87) 

Thus, from. (73), writing v for ^x , 

H^V = E^^M . BJ} . (88) 

32. The simplest Calculus is, of course, that in which. 4'^ = x , and 
s^x = ^{x-\-l) . Here the operation s is that which. I have called Enlarge- 
ment, and is denoted by the symbol e. This calculus may, therefore, prop- 
erly be called the Calculus of Enlargement. The most important function of 
E is log E=:D, which corresponds to E in the foregoing general discussion, 
whenever s is replaced by e. 

33. In (73), let '4^x = x, and let us write ^ and E for -4/' and E' ; then put- 
ting v:=^x , 

Dv z= Di>x . uv , (89) 
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E^ = ^, (90) 

DM DM .„,. 

-RU = —J- = — -RV, (91) 



"DT* 

nw = -p . (92) 



where, if u=:x , 

Jiipx' 

Again, from (73), 

R(px = nw . D^x . (93) 

34. It follows from (87) that all the processes of any calculus, say that 
of s', may be expressed in the language of any one given calculus, say that of 
s, by means of suitable artifices. It is therefore unnecessary to discuss in 
detail more than one of these systems ; and the preference must naturally 
be given to the simplest of all, the Calculus of Enlargement. As a mere 
matter of interest, however, I shall, before closing this essay, make some sug- 
gestions concerning another calculus, comprising those operations which are 
functions of m, where 4'X =z log x , and 

M*<|)^ z= ^ (^e*) . (94) 

This system may, in want of a better term, be called the Calculus of Multi- 
plication. 

III. Theory of the Functions of E. 

35. The symbol E has sometimes been defined as e^, sometimes as 1 + A , 
and sometimes as representing an operation such that E^x = ^ (ar + 1) . It 
has also sometimes been used to denote the operation which changes ^x into 
^ (x-^h) . We cannot now accept a definition in terms of A or d, for a sim- 
ple operation ought not to be defined in terms of one more complex, nor can 
we agree that e shall be dependent on any arbitrary quantity h ; E^x must be 
4)(^ + 1) and nothing else. Yet if ii^x =. ^ {x +.1) express the definition 
of E, it will require considerable labor to prove that in all cases i^/'^x = ^{x-\-h), 
and then only when h expresses some positive or negative quantity ; and the 
argument will not be free from ambiguity, since, for example, it might be 

hard to pi'ove that E^^x cannot be its own opposite, namely, —^(x-{- — ) . I 

find it better to define E*, like s*, as a compound symbol representing that 
simple operation which changes ^x into ^ (x + h), whatever be the meaning of 
h. In this light we must regard e, when without an index, as an abbreviated 

31 
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form of ¥}. Since c^^^x =: c^x, we observe that ce" = c and e" =: 1 , and hence 
that any constant may be regarded as a function of e of the form ce". 

36. It would have been sufficient to define E* as that special case of s* 
where '^x-^x, and it may be said at once that all which has been shown to 
be true of s and its functions i§ true of E and its functions. If any one shall 
hereafter deem it best, for teaching the rudiments of the Calculus of Enlarge- 
ment, to omit all mention of other possible systems, based on simple opera- 
tions other than e, he will find it sufficient to say concerning e what has been 
said above concerning s, substituting x for "^/X. It is not now necessary to 
repeat concerning E what has been proved in regard to all repetitive simple 
operations, and I shall confine my attention to certain properties pertaining 
to all functions of e as such. While nearly all of these properties are now 
no doubt first exhibited in this light, it will be seen that some of them are 
already known, more or less explicitly, as properties pertaining to algebraic 
functions of D. Such propositions will, however, be found to have been gene- 
ralized, the properties hitherto known concerning algebraic functions of d 
being now exhibited concerning all functions of E, and therefore concerning 
all functions of D. It will be remarked that the theorems about to be stated 
regarding functions of E are developed more easily than if they were to be 
proved as relating to functions of D ; particularly when the comparative ease 
with which E and D may be defined is taken into consideration, such defini- 
tion being an essential element in either case. 

37. If the general term of ^x is a„a^", that of 4)E^4' (^ + ^) is o^e^t^ (^ + y) 
= ttni' {x-\-n-\-y) , supposing x and y to be independent, and this for the 
same reason is also the general term of ^E^^' (^ + 3^) > so that all terms cor- 
respond, and 

4)E,iJ. {x-\-y) = ^-Eiy-^ {x + y) . (95) 

The same may be shown for any number of variables. Also, 

4)E,^ {x-y)=^ (E - ^)r^{oc-y). (96) 

38. If the general term of ^x is «„^", and that of "^x is h^x"", the general 
term of 4)E,c^ i^ (c^) is a^K<f''K<f'^ = OnMX^'' + "" = «„M' + "^'^ + '"^. Similarly, 
4'EyC^y^{<f) and (f^^{c^E^) 4' {<^) will be found to have this same general term, 

so that 

4.E,(f ^ a], (c^) = ^E,C^^ ^ (c^) , (97) 

4.E,cf^ 4 ((f) = C'^ ^ (C^E,) 4.)(f), (98) 

^E/^ <|) (c^) = (fy 4) ((^E,) ^ {(f) . (99) 
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In general, for any number of independent variables, 

-.^^...uvw^ (c" • • ■ ""%) . . . ^ (c^^ • • • ""E,) ^ (c^ ■ • • "X) ^ (c^ • • • "™) , (100) 

where ^, 4') &c., are arbitrary functions. Again, similarly, 

4,(cX*)4(c^)=4(cX)4>(c^)- (101) 

Again, since E"c =r E"^"c =: c, 

^E^c =z ^Ic. (102) 

Here c represents anything independent of x. 

39. There are many special cases of the foregoing propositions which are 
themselves important general theorems. Some of these will now be men- 
tioned. If in (95) and (98) we make y=:0, we shall have 

^E 4^x =z ^Eo 4^{x + 0), (103) 

<jbE t]/^ =: 4) (e^ 1) 1^ (a; — 0) ; (104) 

and from the former of these, observing (102), 

^BW = X^l + ^EftO. (105) 

Again, 

<|)E sin X = 4)Eo sin (^ + 0) =: sin ^^Eq cos + cos ^^Eq sin 0, (106) 

4)E cos X = cos iP^Eo cos — siu x^Eo sin 0. (107) 

It may be observed that since cos n =. cos (— »), Eq cos =: E^™ cos 0, and in 
general, 

(pEo cos zz 4) (Eo~*) cos . (108) 

If, in (97), we make tf =1, 

^B(f4. (c') = i|/ (El) (fV (c^) , (109) 

and a ^{<f) = l, 

^E(f = (f^C . (110) 

lfy = 0, 

4)Ea]. (c^) =: 4Eo(fV (O , (111) 

where, if 4)E = 1 , 

4(0 = ^EoC»*, (112) 

which may be regarded as one form of Herschel's theorem. If, in (98), we 
write 4'^' for 4 (O ) ^^^ put 2^ = 1 > we shall have 

^EC%X = (f^ (CE) 4a? . (113) 

If, in (99), a; = 1 , we shall have, writing x for y, 

4ec> (<f ) = (f^ ((f El) 4 (cO . (114) 

Similarly, supposing x=zOin (99), and writing x for y, 

4b4) (c'') =: ^ (cX) 4 (c") . (1 15) 
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For example, let iJ/E =: e'^ ; then 

4)((f + ^) = ^(cX)c*». (116) 

If, in (101), we put y = 1 , 

^(cE^)4'(c^)=4'(c^Et)<?,(cO, (117) 

while ii y:=.0 , 

^(E*)^((f) = iJ.(c^ES)4,(c''). (118) 

In all these theorems, as well as in the more general ones from which they 
are derived, c may have any value. If we assign to it the value e, we shall 
produce another series of theorems, for the most part less general in charac- 
ter, which it is not now necessary to write out in full. 

40. If we have to do with two or more independent variables, we are at 
liberty to regard them as being themselves functions of a single supposed 
variable, which let us call I, the form of the functions being such that 
x^gl-\- ^, yz=:kl-\-Jtf, &c., where g, g", Sec, are arbitrary constants ; for in- 
dependent variables may be viewed either as equicrescent quantities, in which 
case they must be functions, of the form mentioned, of some standard varia- 
ble, or as quantities to which arbitrary values may be assigned, in which case, 
again, there is no difficulty in accepting the foregoing statement.* Since 

Ei^x =:^{gl-\-g + /) =^{a; + g)= B'^^x , (119) 

E, is a function of E,. , and all functions of E, will be commutative with all 
functions of E^,. For E, I shall hereafter use the symbol e, and for E, i^., E, i^,, 
&c., the symbols e^, ey, &c. 

IV. Analytical Theory of Differentiation. 

41. Let D =z log E, and d =. log e. The former statement is new only as 
a definition, while the latter is, I suppose, novel in all respects.f Both d 
and d are functions of E, and have, therefore, all the propei'ties which pertain 
to such functions in general. The operation denoted by D is Differentiation, 
That denoted by <Z =: d, is in reality the same operation, performed with 

*To quote language used by Lagrange on another subject, " quoique dans les fonctions de deux variables 
que nous considerons ici, les deux variables soient censees independantes, . . . rien n'empSche cependant qu'on 
ne puisse regarder ces variables elles-mgmes comme des fonctions d'une autre variable quelconque, mais fonc- 
tions indeterrainees et arbitraires." Galeul des Fonctions, ed. 1806, p. 334. 

fThat is to say, taking e as it has just been defined, namely, as equivalent to Bj, the symbol of enlarge- 
ment performed with respect to an assumed variable I, where I is such that x =gl ■\- g'. Nevertheless, on the 
one hand, it is already not unusual to say that a differential may be regarded as a differential coeiHcient taken 
with respect to an assumed variable; arid on the other hand, it has been noticed by Arbogast {Oalcul des Deri- 
vations, p. 376) that, using our notation, d = log E» , where g is any arbitrary constant. The present statement 
connects these two ideas, and indicates the form of the relation between I and a;. 
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respect to an imagined variable. If it be desired in any case to make a ver- 
bal distinction between d and d, the operation denoted by d may be called 
" taking the diiferential " ; but the word differentiation has been so long used 
in both senses, and the danger of misunderstanding is usually so slight, that 
such a verbal distinction will not often be required. 

42. The resultant of the operation D is usually known by the term Differ- 
ential Coefficient, though it is also sometimes called Derived Function or 
Derivative, and that of the operation d is known as a Differential. The term 
Derivative cannot be permanently satisfactory unless the word Derivation be 
substituted for Differentiation, a proposal which would not be listened to. It 
is on every account desirable that the operation and its resultant should have 
cognate names. The terms Derivative and Differential Coefficient are more 
or less objectionable, the one as recalling too strongly Lagrange's doctrine of 
Derived Functions, a theory not now in general use as an explanation of differ- 
entiation, the other as indicating a mere appendage to a differential ; and the 
latter term is besides insufferably cumbrous. The word Differentiation, though 
introduced only in the present century into the language, is now firmly rooted. 
To express the resultant of this operation, and as a substitute for the phrase 
Differential Coefficient, I venture to coin the noun Differentiate. To this noun, 
as denoting that which has been differentiated, there seems to be no etymo- 
logical objection, since it follows the analogy of such words as graduate, asso- 
ciate, duplicate, postulate, delegate, &c. 

43. Just as a differential is in one sense a differentiate, since d-=.X)i^ so 
also in another sense may a differentiate be regarded as a differential, since, 
if we put ^ = 1 , we have D^ = log e^ z= log e:=d. The differentiate is the 
simpler of the two, analytically, while the differential is frequently the more 
useful and intelligible for practical purposes. As both may be embraced in 
the same theory, there is no sufficient reason for excluding either from con- 
sideration. If the imagined variable I represents time, the differential is a 
differentiate with respect to time, and is known as a Fluxion. On the other 
hand, if, in x:=gl-\-g', we have g infinitesimal, the differential will also be 
infinitesimal, since d = log e =: log e? zr gD^ . 

44. From (69) we have Taylor's theorem, 

E^ = 1 + Ad + 4- *'d' + A A'd« + . . . , (120) 

^ {x + h) =z^a: + hD^w -f -^ hW^w + . . . . (121) 
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Applied to 4)0, (120) becomes Maclaurin's theorem; to x^, the binomial theo- 
rem. The symbolic form (120) is always true, and the theorem itself (121) is 
therefore formally correct, though the resulting series is not always algebrai- 
cally intelligible, and, even when intelligible, cannot, unless convergent, be 
verified arithmetically.* The following modification, possibly novel, will 
sometimes be found useful : 

^{x + h) = ^x + lBcp(x + -^Ji) + 4.2.3 -+ 4^2.3.4 5 +----(^^^) 

This is found by subtracting the development oi ^ (x ~ li\ from that of 

^ix-\-—'li\ and then writing x -{- -^li for x ; or, symbolically, from E* rz 1 

-j- ^Ea'» — E"~^'A)Ei*. To extend Taylor's theorem to functions of two or more 
variables, we have only to develop e^e^. . . — e'ii'^ + *i>„ + ..._ 

1 1 

45. It was shown in paragraph 12 that when y^^x — k- ^^ H x^ — • • • > 

x = y + ---y^ + .7-3 /-?-•••• A more direct proof of this reversion, which is a 

step in the demonstration of Taylor's theorem, is as follows. Log [1 + a 
+ 5 (1 4- «)] is a certcvin series of powers of the expression a -\- h {1 -\- a) . 
Expanding these po\\ers, which are all positive and integral, by the binomial 
theorem, and separating the series forming the coefficient of h" (1 + a)", then 
expanding (1 + a)" and multiplying the result by the coefficient just sepa- 
rated, and finally separating from the product the series forming the coeffi- 
cient of a^lf, we find it to be, for all values of m and n greater than 0, 



rrt"'> 



m— 1) 



+ .. . (-1)'-— (n + r-1)™-').. . (-l)»(» + wi_l)»-i)], (123) 

where a^'^ = x {x — 1) . . . (^ — ^ + 1) . The series enclosed in brackets is, by 
a theorem in finite diiferences, equal to 0; hence all terras in a"'^*", that is to 
say, all terms which contain both a and h, vanish. The terms remaining, 
which contain a alone and h alone, are respectively 

a — — a^+ya^— . .. = log (1 + a), (124) 



*The expansions of e /.", £ ifi , &c., apparently convergent and untrue, are really divergent and unin- 



telligible, as may be seen on examination of those of e '^ + *, &o., when x is very small. The coefficient of A" in 
each i)f the former expa 
comes J^ when » == » . 



each of the former expansions contains a term of the fornioo" — , where v is infinite, a form which be- 

2.3. . .« 
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b-\¥ -{-^W- . . .=\og {i + l) . (125) 

Hence, 

log[l+a+5(l + «)]=log[(l + a)(l + 5)] = log(l + «)+log(l + 5). (126) 

It yz^ log (1 + ^) ■= X — x'^ -\- . . . ,, let us assume, as the reverted series, 

xz:zy + c^' + c,f + ..., (127) 

Similarly, ii vzz log (1 + «), 

uzzv-\- c^v^ + (^3^^ + . . . . (128) 

Since, by (126), y + v = \og [(1 + ^) (1 + u)'] , 

{l + x){l + u) = l + {y + v)+c,{y + vy + c,{y + vy+.... (129) 
But, from (127) and (128), 

{l + x){l + u) = {l+y + c,f+...){l + v + cy +...). (130) 

Equating the coefficients of v, and then comparing those of y, y^, etc., we find 

that 2g.2 = 1 , 3(73 =r c.2 , 4^4 = c^ , and so on ; whence c^ = -^ , <f = jr-^ , and 

so on. Here, throughout, x and y are symbols devoid of meaning. 

46. From (75), 

i)T = 1 . (131) 

It follows that dx., which is equal to ^dx, is equal to g ; that y ^Jc , &c., show- 
ing that dx, dy, &c., are arbitrary constants when x, y, &c., are independent 
variables. 

47. From (7'9), 

^Dj^iu,v, w, ...) =4)(d^,^ + d^|, + d,,„+. . .)4(w, -y, w, . . .), (132) 
a general theorem which, though I do not remember having seen it, may 
be already known. If ^d^. = d™ , we derive the following theorem, substan- 
tially due to Arbogast, 

D:^ {u, V,W,...) — (D.,|„ + D^|, + . . •Yi' (u, V, w, . . .), (133) 

of which the next, known as Leibnitz's theorem, is a special case : 

Dluv = (D^ I „ + D, I ,)%^; . (134) 

If n = 1 , 

48. From (80), similarly, 

^D^ 1 ,1^ {u, v)=^ (d^ — d^ I ,) 4 {u, v) , (136) 

from which 

». 1 :4^ («, v) = (d, - D, , ,)™^ {u, v) , (137) 

of which the following, ascribed by Price to Hargreave, is a special case : 

D^ I /MV = (d^ — d^ I ^) ''UV . (138) 
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49. From (88), 
If vzzx , 
whence 



D^V = D^U . D^V .* (139) 

■D^u . i»„a; = Bar = 1 , (140) 



D.«=— • (141) 



Again, from (139) and (141) 
li v:=l, we have, since d:=T>i, 



T>„X 



D^u = ^ = -^ . (142) 



T).^ = £- (143) 

It follows that wherever D^ is written we may read -=- , and vice versa ; and 

from (141) we see that this is true whether x is or is not an independent 
variable. Again, from (139), 

D^I„ = D^M.D|„, (144) 

one of which expressions may ahvays be replaced by the other. 

50. All results obtained in the language of differentiates may of course 
be expressed at once, mutatis mutandis, in that of differentials, and vice versa. 
In the case of partial differentiation, the student should be informed that he 
will frequently meet with a certain ambiguous form of expression, which may 

be illustrated by saying that he will find d ] |i> i yU written — -^ . Perhaps it 

d^d u 

would be well to avoid this ambiguity in future by writing, for example, -f— > 
where d^ and d^ must be regarded as abbreviations of d, , ^ and D^y. 

51. A large number of theorems relating to all functions of d may be 
derived at once from those already obtained concerning functions of E. Most 
of those which I now proceed to mention are known, though, as hitherto 
proved, they are known only for such forms of function as can be expressed 
in integral powers of d. In deriving these theorems from (95-102), it will be 
seen that changes are sometimes made in the form of expression, such as 
writing ^ log for ^ , e* for c, &c. 

* If I were writing an elementary treatise, I should introduce, at this point and elsewhere, the usual proofs 
and illustrations, together with others to be hereafter suggested, I have, for present convenience, deferred the 
consideration of such explanations of D as are afforded by vanishing fractions and series, but wish it to be 
understood that my separation of the "analytical" from the "explanatory theory of differentiation" is wholly 
arbitrary, and ought by no means to be imitated in any methodical treatise on the Calculus of Enlargement. 
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4)D,^ {x-{-y) = ^Dy^ {x + y) , (145) ' 

4>D,4 {:6-y) =^ {-B^) i{x-y), (146) 

^D^e™'^'4'a^ = e™^^ (m + D^) ^o;, (148) 

^D^e'^^ ijcy) = e'^y^ (% + D,) ^ (y^x) , (149) 
4>d,4d^ . . . x^u^^ve""---'"^^ (% . . . «<v) 

= ^D,^D^ . . . %D„|Dy^^----»^ {kxy . . . W) 

_ ^kxp...mw^ (^^j. _ _^y^ ^ D^) , _ ^ (^^^ . . . Mt) + D,„) ^{Jcy... mw), (150) 

4) (% + Ad,,) 4 (^.-r) r= 1^ {kx + to^) 4) (%) , (151) 

^j)^G ■= ^Oc . (152) 

In all of these the variables are supposed to be independent. From (103-118) 
we have the following, which, although mere special cases of those just given, 
are still of great importance as general theorems : 

^v^^x = ^Doi|/ (^ + 0) , (163) 

^Bi'X z=^ {—■Do)4' i^—O) , (154) 

^DX = ^Ox + ql)DoO , (155) 

^D sin X =z sin x^d cos + cos x^B sin , (1^6) 

^D cos X =: cos ^^D cos — sin x^D sin , (157) 

^D cos = ^ (— d) cos 0, (158) 

^De*^^ (kx) z= 4.Di£^> (^1) , (159) 

^H (ks) = ^Doe*^^ (^0) , (161) 

^x = ^Doe^", (162) 

^De'^ (kx) = ^^ {kx + D,) ^ (^1) , (163) 

<^DiJ. (kx) =^{kx + Do) 4) (^0) , (164) 

^{x-\-h)=^{x + Do) s"', (165) 

^{k + hv) ^ (kx) =^ {kx + hj),) ^ (kl) , (166) 

4) (Ad) ^ {kx) z=^{kx + Ado) 4) (^0) . (167) 
From these, putting kz=l, 

^DE^'^x = '>i.Die*i4)l , (168) 

^B^x = ^Doe^VO , (169) 

4)De^^a? = s"^ {x + Di) 4)1 , (170) 

^-d4^x =z-4'{s-\- Do) 4)0 , (171) 

4) (1 + Ad) ^x = '<^{x + ADi) 4)1 , (172) 

4) (Ad) 4-0? zz -^^ (x + ADo) 4»0 . (173) 



88 
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The possible difficulty of expressing qi)D in terms of E cannot be urged as an 
objection to the foregoing deductions. We know that ^J) can be expressed in 
terms of d ; that each such power of D can be expressed in terras of A, and 
again that each such power of A can be expressed in terms of E. Inasmuch 
as Ave know that ^d can be expressed in terms of e, it is unnecessary to in- 
quire the exact form of the expression. 

52 From (152), where c is anything independent of x, 

D,c = . (174) 

Inversely, operating on both sides of this equation by d~^, 

D-^0 = r?. (175) 

Here is an operation which creates something out of nothing ; and since we 
cannot tell what that something may be, the results of this operation, and of 
all other operations which have the same creative faculty, must be indetermi- 
nate. I presume that, in general, all functions of E which cannot be expressed 
in positive integral powers of A are productive of indeterminate results. If 
any such operation, say b, is performed on ^x ■=. ^x -\- , it produces, in addi- 
tion to what we may call the principal form of b^^, a complementary function 
of X, the coefficients of which may be assigned at will. In the case before us, 
we perceive that when the operation D~\ called Integration, and usually rep- 
resented by the sign T, is performed, we must introduce a complementary 
constant before we can venture to interpret the result. It is unnecessary to 
say much in this essay regarding integration. We shall have occasion to use 

£~'^x'^dx zzT (1 + m), of which the fuller 

formal description is jr^e~''x\^^^i^ — tt^s-^x^^qi. The sign j, as com- 
monly used, may be considered as equivalent to Df \ since 

C^xdx = D~ ^^x z=dx.J)r V* = W ^^xdx . (176) 

53. From (160), 

j)gte_gte^^ (177) 

De=' = e\ (178) 

If x-=z s^ , BgX rze*-=zx , the reciprocal of which is d^6 , or 

Dlogx = x-\ (179) 

Hence, 

Bx"" = bJ . D9.T™ = x-K'mE"'' = mar 'K (180) 

From (158), 

D cos = — D cos = . (181) 

By Maclaurin's theorem, 

sin a; = a;D sin + x^ , su^ose ; (182) 
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whence, assuming D sin finite, which can be proved from (157) when x is 
infinitesimal, 

-^=:DsinO, (183) 

and since, by trigonometry, -^ = 1, 

D sin = 1. (184) 

Then, from (156) and (157), 

D sin 0^ = cos X , (185) 

D cos 0? = — sin ar . (186) 

54. The following series, the result of integration by parts, a method 

deducible, as usual, from (135), are well known:* 

T{l+p)= rs-^'xPdx + f'^s-'^x'^dx 

= .-4l + ^-^ + ^^^,;;^,, i...+p.-+i.(i>-l).-' + ...]; (187) 

Let us write hD for x, and its antilogarithm e* for £% and let us suppose the 
subject of operation to be ^x. We shall then obtain the following extension 
of Taylor^ s theorem : 

L ^i> + l (p + l)(i> + 2) ^^^^^ (189) 

+j)(i)-])r^i)-^ + ...J -pj^[^^^^- 

The original series terminates, in one direction, when p is an integer, so that 
in that case our extended theorem takes the usual form of Taylor's theorem. 
It will be observed thatp may be any quantity except a negative integer. If 
^x — ^™, we shall have, as a special case, the extended binomial theorem of 
Roberts. f If we write for x and x for A, we shall derive the following ex- 
tension of Maclaurin^s theorem : 

»^ = [^ +y-fi + ■ • ■ +^""°^' + ■ ■ ■] r^) t^ ■ (l»«) 

*De Morgan, Calculus, p. 590; Eoberts, Qura-ierly Journal, vit, p. HOT. 

fin this, as in (189), when p is an integer, there can be no powers of h with negative indices. [Jnaware 
of this limitation, Eoberts obtained anomalous and perplexing results. How near he came to lormulating the 
extension of Taylor's theorem may be seen from the following quotations: " Let ^ (x) be any function of x, 

D» 
then „ ' — f (x) = coefficient of a development of ^ (a; + A) . . . [ft'] , according to powers of h to the base 
T(l-\-n) 



under «." "All that the equivalence [ft'] means is this : it fix-\-h) can be developed according to powers of 

(^ + A) , T(l + n) ^ ^'^^ ^^ ^'"^ ^®'" 
development to the base index n." 



(x-\- h), (x) l^ (a;) being similarly developed] will give the corresponding coefficient of A" in a 
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While there may not now appear any practical use to which these theorems 
for expansion in fractional powers can be put, they will at least be found to 
throw some light on the theory of the subject. Various interesting series, 
such as for sin x, cos x, and of course e", may be obtained by the use of (190), 
and oif can be treated by it, when m is fractional, whereas Maclaurin's theo- 
rem cannot be employed in that case ; the result of such treatment being that 
all terms except x""' vanish. 

55. By employing (188) to expand e'^^in (162), we have at once this 
extension of HerscheVs theorem, 

^x = ^Do [l +^ + . . . +^,^-0-^ + . . .] j,^^^ . (191) 

Here, as before, p cannot be a negative integer. 

56. I shall give more space to the consideration of the form of d'^x"', 
where n is fractional, than would be necessary were it not for the fact that 
it has been the subject of a noted controversy. Messrs. Liouville, Kelland 
and others make 

jj»^m - (_ 1)» £ipJ^+^ x^-n^ (192) 

while Peacock makes 

1 (i -f- m — n) ^ ' 

Do Morgan (Calculus, p. 599) conjectures that " neither system has any claim 
to be considered as giving the form of Jfx'^, though either may be a form." 
Later, Roberts shows, by strong arguments of analogy, that Peacock's form 
is tenable, while he admits the force of the arguments adduced in favor of 
that of Liouville. The reader cannot probably find in existence a more com- 
plete illustration of the difficulty with which such a subject is handled, under 
the indirect theory of differentiation heretofore followed, than that furnished 
by Roberts' argument. It is not too much to say that under that theory the 
meaning of d", where n is fractional, can only be guessed at. That indirect 
theory gives us D, the special case, and permits us to divine, if we can, by 
induction, analogy, or conjecture, the meaning of D", the general form. This 
is in every science the natural order of things so long as the general law, 
which shall furnish direct deductive proof, is unknown. The method now 
presented enables us to treat this case, like all others, with confidence and 
certainty. It makes us acquainted with d" as one of many functions of e, and 
enables us to discuss, if we please, the general form d" before the special form 
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D. If, in pursuance of the direct method, we arrive in any case at results 
which are not intelligible, we can only seek further for such expressions as we 
can understand, knowing that when found we can depend upon their accuracy, 
provided due allowance be made for possible complementary functions. I 
shall now try not only to show that Peacock's form is the principal form of 
B"^"*, but also to indicate the precise nature of the error made by his antago- 
nists. 

■57. If, in (189), ^x =. x^, we derive a development of {x -{-hy in powers 
of Ti which, when _p is a fraction, extends to infinity in both directions. If 
D^x^ is a constant, the coefficients of 7^^ + \ /^^ + ^, &c., which are derived fi'om 
D^x'' by dififerentiation, will vanish. That D^x^ is a constant may be shown 
from (173), which gives, writing z for Ji, 

DPxP = z-P {x + zDo)^0^, (194) 

wherein putting z=zx eliminates x. Omitting the vanishing terms of the 
development of {x-}-h)^, and comparing the coefficient of h'' in the remainder 

of the development, namely, „ , with that of h'' in the known develop- 

ment of {x -\-h)P by the binomial theorem, namely, 1, we have 

D^x^zzT (l-j-p) . (195) 

This equation is thus shown to be true for all cases except when _p is a nega- 
tive integer. That it is formally true in that case also may be seen upon 

x" 1 

repeated integration, resulting in a term containing i)~^x~^ — log * = 7; — V , 
the latter fraction being the complementary constant. Therefore, in all cases 

r(l + m) ~ r(l +m^' ^ '' 

Operating on both sides with d™~"™, and multiplying by r (1 + '^) > we have, 
for all values of n, Peacock's formula, 

dV = yX—^-^ ^™ - " . (197) 

1 {1 -{- m —n) ^ ' 

It may readily be shown that in this case there are no complementary terms 
in .«■"""""" \ ^™~''~'^, &c., such as might be created from by the operation 

D"-"". For, by (189), the coefficient of A" in (^ + 7*)™ is pTv^ — ^' ^^^^^ ^^ 

know, by the common expansion of [x -\- hy{x -\- h)"'~'' =z {h^-j- . ..)(a?™7"+ .. .), 
that this coefficient contains no other power of x than x"'~". 
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58. The arguments by which it has been proved that Liouville's form of 

dV is correct have never been impugned, nor do I now impugn them, though 

I hold that it is not the pi'incipal form. If the performance of an ambiguous 

operation (see paragraph 52) such as i)", where n is fractional, produces in one 

way a real result and in another an imaginary result diifering from the real by 

a complementary function which D" produces from 0, and which the inverse 

operation d~" will reduce to 0, we are bound to accept the real result as the 

principal form. The proof of Liouville's formula depends on this equation, 

derived from (160), 

jfe- " zz (— v) »£- ". (198) 

When n is fractional, this expression is imaginary. It is, however, formally 
correct, and no one seems to have suspected that another and real expression 
can be found. Even Roberts explicitly lays down bV =: «V, without limita- 
tion, as if it were the principal, or indeed the only possible, form. I shall 
now show that (198) is not the principal form of D^e"". Since s~'" ■= x\'^ — xv 

-{- ~ . . , , we have, by (197), 

^^'~" - T\i-^)~ n^::^)^ T{f:^)~ ■ • • ' ^^^^^ 

a series not only not imaginary, but also essentially convergent, and, there- 
fore, eminently acceptable. If, on the other hand, we expand (— ■?;")e~"by 
(188), writing — xv for x, and —n for j), we shall have the same series, with 

these additional terms, r^~ ^ -f -^, -r — . . . . Now the additional 

I {—n) 1 {—n —1) 

terms become ultimately all of the same sign, forming a series infinite in 
value, as might have been expected from the imaginary character of the func- 
tion developed ; but it is especially to be remarked that they all vanish when 
operated upon by D~", showing that they constitute a complementary func- 
tion, and are not necessarily part of the principal form of D"e~™. Here then 
are two forms of B^e"'"', (198) and (199), one imaginary, the other real, the 
former being composed of the real form plus a complementary function. The 
real form is therefore the principal one. It is, however, only by employing 
the imaginary form that the expression given for d'^x'^ by Liouville can be 
proved. 

59. A good illustration of the ease with which secondary forms of such 
expressions as d"^™ may be obtained consists in the application of (171) to 
jyn^m^ whence 

j)«^m — (^ _}_ Do)'" 0" . (200) 



) 
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Now this binomial may be so expanded by Roberts' theorem as to produce a 
result differing from (197) by only a complementary function ; but if on the 
other hand it is expanded in the usual way, in positive integral powers of d^, 
it produces an expression, probably new, 

jfx"^ = (iT™ + wa;» - ^Do + . . .) 0», (201) 

which, although formally correct, can have no claim to be considered the 
principal form of if of. It does, however, give correct real results when n is 
a positive integer, and in every case satisfies, as does Liouville's expression, 
the requirement of interpolation of form. For example, 

Jiix — xOi + -- 0-ix' , (202) 



and repeating, 



Dtoi^ = xm + ^ 0- V , (203) 

Dtotoi^ = DO? =: tO + -|- OV = 1 . (204) 



V. Explanatory Theory of Biffefentiation. 

60. Although the various theorems of the Differential and Integral Cal- 
culus may readily be derived from the propositions already laid down, we 
have really taken but a narrow view of the subject. We have not done 
much more than to exhibit Taylor's theorem, and to ascribe to D as a function 
of E certain properties pertaining to such functions in general. We have now 
to examine more closely into the nature of the operation of differentiation, as 
disclosed by its symbolic definition, d =: log e.* 

61. The coefficient of h in the expansion oi ^ {x -\- h) by Taylor's theorem 
is D^x. If, therefore, we know the development of any function oi x -\-h in 
positive integral powei's of 7^, we know at once the differentiate of the same 
function of ^. Thus, from the binomial theorem, we have D^^z^m^™"^; from 
the exponential theorem, De"^ = e"'; from the logarithmic series, d log x ■=zx~^; 
and from the trigonometrical sei"ies, d sin a? — cos x and D cos x=: — sin x. 
This method of determining jy^x rests on surer grounds than the somewhat 

* I must again observe that the order in which, for present convenience, these several matters are discussed 
is not that which should bo followed in a methodical treatise on the Calculus of Enlargement. In such a 
work, the elementary explanations which we have now to consider should be introduced as soon as practicable 
after the first mention of diiferentiation, and be followed up at every convenient point by suitable illustrations. 
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similar principle underlying the Calcul des Fonctions of Lagrange, for we have 
what he had not, a symbolic demonstration of Taylor's theorem ; and, not to 
dwell too long upon it, we may pass it by with the remark that in all proba- 
bility no insuperable objection can be made to it. 

62. Perhaps it has not been noticed hitherto that a simple variation of 
Taylor's theorem, 

A = D+-|-D'^ + 2^D^ + ..., (205) 

is remarkably susceptible of geometric illustration. 

For example, let ad zz ^ , and let the space abcd, 

included between the straight line ad, the curve 

BCK, and the two perpendiculars ab and dc, be 

called ^x. Take de zz 1 , and draw the lines ef 

perpendicular, and CG parallel, respectively, to ae; also ch tangent to the 

curve. Then, 

D^^ZZDEGC, (206) 

-^D^a^^CGH, (207) 

^r-^ 1?^X +...=: CHF, (208) 

A^x zz cdef zz d^x + -y d^^ 4- r— 5 d''^ + . . . . (209) 

63. It is desirable to find as many expressions as possible for log x in 
terms either of x or of simple functions of x, and in them to write e for x, in 
order to arrive at the cleai*est understanding of the operation d =: log e by 
attentive observation of its various algebraic equivalents. For this purpose 
the two general series (30, 31) presented in the foregoing Theory of Loga- 
rithms afford ample means. 

64. From (30), 

i_ E" — -- E^" + .., — — E-" + ^ 
n 2n n 2n 



i> = -;r^"-9;r^" + ----v^-" + o;7^-"— ••' (210) 



where n may have any value. If n:=l, 

1 2 , 



D = E-4-e'+- ••-E-^ + 'i-E-'- (211) 



Applied to ^x, 

n ^ -" 2n 



D^^ = ^ [<!> {iv + n)-^{x-n)] -~[^{x + 2n)-^{x- 2n)] + . . . , (212) 
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■D.^x -\_^ {x + 1) -^{x -1)1- ^lq>{x + 2) -^ {x-2)-]-\- (213) 

These series, which are probably new, will, owing to their symmetry of form, 
be readily borne in mind. To illustrate their use, let ^x z=. a", and we have 

Da" = a^ p- (a" — «-") — ^ (a^" — a-^") + . . .1 = a" log a. (214) 
Let ^x ■=. X™, then 

do;™ = [(iF + 1)« — (a; — I)"'] — \-\_{x + 2Y—{x — 2)"'] + . . . . (215) 

Here all terms in a;™, ^™""^, ^"'~*, &c., obviously vanish. The terms in a;-™ ~*, 
x'"^~^, &c., contain, in the coefficient of each such power, a factor of the form 
1 — 2'" + 3'' — . . . , where r is an even positive integer, so that, by a known 
theorem in finite differences, these terms likewise vanish. There temain the 
terms in ip™~^ whose coefficients are 2m — '2m -\- 2m — . . .z=m, so that, 

finallv, 

jix"' = mx'^-\ (216) 

Again, putting n=: — , 

D sin ip = — sin \x -\- — - j — sin [x r- j — . . . 

=: — \2 — 5" + "i — . . . j COS a; =: cos a^ . (217) 

It is needless, however, to multiply illustrations which will readily occur to 
the reader. 

65. Let the symbol 3 represent the operation of obtaining the ratio of the 
most general form of difference of a function to the corresponding difference 
of its variable ; that is to say, let 

Ttj, — ha, ■\- h T^ — ha 

3= — r"^,* (218) 

dpx = f±^l±_'^y r'P(^-'^") . (219) 

The constants a and h may have any value, so that there will be an unlimited 
number of special cases, some of which will, from their greater importance, 
require distinct symbols. Thus, when 7* = 1 and a=zO, 9z=:e — l=zA; 
when k:=l and a =. 1, 9:=1 — E~\ which is sometimes denoted by 'A ; 

when h = l and « = — , 9 = e* — E~% which let us represent by A ; and 

*Kesults more symmetrical, though less simple, can be got by writing — (1 — &) for a. 
35 
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when h=.0 and a := , 9 = D . It will shortly be shown that we need not 
restrict d to the case where « z= , but that dz=.D when hz=.0 , whatever be 
the (finite) value of a. 

66. We now derive at once from (31) the following general differentiate- 

expression : 

„ 2a — 1 „„ 3a— 1 3ffl — 2 ,,03 > 4a — 1 4a — 2 4a— 3 ,3^, /ooa\ 

D = a + -g— ^3' + -—^ 3— /* 9 + —2 ^ 4— /* 9 + • • • . (220) 

Of all special cases of this theorem, those are particularly important in which 
7i=.0 or h:=l. When h=.0 , there are four chief cases, where az=0, a z= 1 , 

a =z -— , and « = go , respectively ; and when ^ = 1 , there are three chief 

cases, where a=zO , a:=l , and az= — , respectively. I shall discuss these 

in order, 

67. Let ^ := . In this case the general theorem is reduced to a vanish- 
ing fraction. Concerning vanishing fractions in general, it may be said that 

they are rendered needlessly obscure by presentation in the form -r- . When- 
ever we have to write as the denominator of a fraction we ought, I think, if 
convenient, to express the numerator as a function of the denominator, or, 
in other words, as a function of 0, that symbol, when employed in the nume- 
rator, representing the denominator and nothing else. So expressed, it is 
impossible for a vanishing fraction to be ambiguous in meaning, supposing it 
possible to expand the numerator in positive integral powers of 0. It mat- 
ters little whether such fractions are philosophically explained by the doctrine 
of infinitesimals or by that of limits. All that is necessary to their accep- 

tance is to persuade ourselves in some way that — =: 1 when x=.0 . 

68. When A = , we have, therefore, 

j,(l-a)0_j,-<.0 

D = , (221) 

an expression which may be instantly verified by expansion. It may, indeed, 
be shown that 

D = ^^^\ (222) 

where p is any function of E, Of this (221) is a special case. In practice, 
we may apply (221) thus, 
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The differentiate of any function, therefore, is equal to an infinitely- small dif- 
ference of the function divided by the corresponding difference of the varia- 
ble ; or, in other words, to the limit of the ratio of differences indefinitely 
reduced. In this statement it will be observed that the word Difference can- 
not be replaced by the word Increment without obscuring the truth which is 
conveyed. To illustrate (223), let arr — 4; then 

nx^ = ^-^ — A^ — [A = 0] = 3x^ , (224) 

^B^ = - ^^— - [A = «] = s^ (225) 

69. Since d = -r- , where ix is an arbitrary constant, let dxz=.h; then, 
when Ti is infinitesimal, 

^_ j,(l-a)0_j5-aO_ (226) 

This is to be interpreted as an order to perform the operation e^'""^* — e~"*> 
to make ^ = , and to represent the in question by the symbol dx. Applied 

to ^x, it becomes 

d^x z=.^ {x— adx + dx) — f{x — adx) . (227) 

When, again, instead of being infinitesimal, dx is taken to have some tan- 
gible finite value, dx and d^x have nevertheless the same ratio as if both 
were infinitely small, so that when dx is assigned, and the ratio ascertained, 
the value of d^x is known. The doctrine of fluxions is a case in point. 

70. If, in (221), a = 0, 

J> = ^. (228) 

This is the symbolic embodiment, possibly not new, of the usual expression 

If « = 1 , 



j>^x = ^-^^+^,,^.,. (229) 



D = ^-^-f^ , (230) 

i>4>^ = ^-^^),,.o,, (231) 



the latter again being a known form. If a =: -^ , 



1)=:^-^, (232) 

J)^X = r [A ^ 0] , (233) 
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both of which expressions are probably new. The three forms thus derived 
by making a n 0, a = 1, and a=. -^ , may be called the upper, lower, and 

central vanishing fractions respectively. Correspondingly, from (226) and 

(227), 

d^B' — l, (234) 

d^x = ^ {x + dx) — ^x; (235) 

d = l — E-«, (236) 

d^x = ^x — ^{x — dx)', (237) 

d=E^—B~\ (238) 

d^x =z^ (x -{- -— dxj — ^ (x 2" ^^) • (239) 

Of these, (236) and (237) are known forms. 

71. Of the three chief vanishing fractions, with the expressions corre- 
sponding to them just given, the upper fraction will no doubt in most cases 
be found the most useful in practice, as being, on the whole, the simplest. 
Nevertheless, the central fraction (233) and the corresponding differential 
expression (239) will be found well worthy of attention on account of their 
symmetrical form. It cannot be doubted that cases will arise in which this 
quality of symmetry will prove an important aid to the analyst. To illus- 
trate another advantage possessed by the central formulae, let it be required 
to find d{x^). By the usual method, 

d {x') = 3x''dx + 3x (dxf + {dxf, (240) 

and by the central method, 

d {a^) — Sx^dx + -- [dxf. (241) 

Here there is obviously less to be disregarded, and so far there is an advan- 
tage, even though it be only in appearance. Apart from all practical advan- 
tages, however, the consideration of the central formulae cannot but be useful 
in affording a broader view of the subject than that usually taken. The same 
remark applies, of course, with still greater force to the general formulae of 
paragraphs 68 and 69, not to speak of others still to be presented. 

72. In the special cases thus far examined of the general differentiate- 
expression (220), we have supposed 7i=:0, with a finite. Let us now con- 

sider the case in which h = and a is infinite. Let a zz s- , so that 

e'' — 1 
3 = E" — T — [A=o] = DE% where c has any finite value other than 0. Then 

ahd ■=. — cDE% and we have the following series, 



McClintook, An Essay on the Calculus of Enlargement. 137 

D = DE° - CD^E^" + -|- C^D^E^° - ~ c'dV" + ^^^ C^D^E^" - . . . , (242) 
2 2.3 2.3.4 T \ J 

■Dq>x = ii^{x + c) — CD^^ (x + 2c) + -|- <?'d3<?> {x + 3c) — (243) 

As special cases, 

D^x = D<^ (^ + 1) — dV {x + 2) + ^T)^^{x + 3) — . . . , (244) 

D<|)^ =: D^ (^— 1) + D^^) (^ — 2) + -|- d'^ (^ — 3) + (245) 

If we divide both members of (242) by de", and, putting h=. — c, operate on 
^x, also on ^0, we shall have 

^{x-i-h) = ^x-{- hD^{x — h) +^h^D''^{x — 2h) +. . . , (246) 

^h = ^0 + h^'(—h) + ..., (247) 

where ^'x = d^x. Though interesting, and probably new, these various series 
are comparatively unimportant. 

73. Much more worthy of attention are those series, expressing the dif- 
ferentiate in terms of finite differences, which are derived from the general 
differontiate-expression (220) by giving to h some value other than 0. The 
principal value which h may assume is 1, and the formulae derived for that 
value can be made to yield, by a suitable alteration of the variable, all the 
results obtainable by assigning to 7i any other value. When hz=:l, we have 
the following general theorem for expressing a differentiate in terms of dif- 
ferences : 

D-a + 2^a2 + ?^?^a' + .... (248) 

Here 3 =: e* ~ " — P3~" ", and d^x z=z^{x — a-{-l)—^{x — a). For example, 

d(f =: (f (c^-" — c-") =: e'z , suppose, (249) 

aV=(fz% (250) 

jyc' = <f (z + ^-^ z^+''^^-^ z^ + . . .)=<flog c, (251) 

by (43). 

74. In this case again, as with the general vanishing fraction (221), we 

find three principal values for a, namely, a = , a = 1 , and a-=~. Sub- 

stituting these values respectively, we obtain three series, all more or less 
well known, expressing a differentiate in terms of what we may call upper, 
lower, and central differences. These are, 

i> = A-^A' + ~A'-..., (252) 
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D = ^A + -|-W-H^^A^ + ..., (253) 

J« 3 J° 3 . 5 A' 3.5.7 J' ^. 

^~ 8.3+ 2 8^5~ 2. 3 8^7 + 2. 3. 4 8^9 ^ ^ 

There is also a known series expressing d in terms of mean central differ- 
ences, which maybe derived as follows from (254). Let i = "(e^+ e~^); 

then I =r (1 -j- "x -^^)*) ^^^^ ^J expansion, 

di-=(a-3--3 + ...)(1-- + ...)=A-- + --..., (255) 
and 

lA^ , iJ' iJ^ , /or/i\ 

^ = ^^-T + 30-140 + ---- (256) 

75. The principal use to which these series have hitherto been put is to 
determine the value of a differentiate from given values of the function dif- 
ferentiated. The simplest possible illustration is probably as follows. Let 
us first construct a table of the values of x^, and of their differences, from 
^=z — ltoa?=:3. 

x x^ dx^ 3y 3y 

3 9 2 

5 

2 4 [4] 2 [0] 

3 

11 2 

1 

2 

-1 

-11 2 

We see that A ( - 1)^ = - 1 , A^ (- 1)^ = 2 , A« (- 1)^ = ; that ^A3^ = 5 , 
^A^3^ = 2 , ^ A«3^ = ; that A (y) ' = 3, A' (y) ' = ; and that iA2^ = 4 , 
iA^2^ =: . Then applying the four series in question, respectively, we find 

D(-l)^ = -l--|=-2, (257) 

d3^ = 5 + -| = 6, (2.58) 

b(|-)' = 3, (259) 

d2^ = 4 . (260) 
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This use of differences is especially important when, for any reason, it is 
desired to find the differentiate of a function of which certain arithmetical 
values are ascertained, but of which the law is unknown. 

76. Besides such customary uses, these series, and particularly those 
expressed in terms of A and 'A, will, I think, be found of great value towards 
the elementary explanation of d rz log e . Fo student, informed that a dif- 
ferentiate is a series of differences, can fail to understand the statement. It 
is requisite to introduce the idea of infinity in some form, and these series 
will be found at least as intelligible as the vanishing fractions, and worthy of 
a place beside them in explanatory statements ; essentially necessary, indeed, 
to complete a comprehensive view of the subject. It is certainly as easy to 

understand Dor'^zz Aaf' — ^ AV =: 2x as 'Dx'''-=.^ j n^ = oi == 2;r . I would 

call attention to the fact that (253) supplies a verbal definition of a differentiate 
which may readily be borne in mind, namely, the sum of divided lower differ- 
ences.* 

77. The application of these series to given forms of function will afford 
useful exercise to the student. To a", for example, any of them may at once 
be applied in the manner already exhibited. As another example, let ^x=.x"'. 
By the binomial theorem, 

Do (x + or = Do^™ + DoOmx"^ - ' + DoO% -y- ^" ~ ' + (261) 

Now Ao {x + 0)" := {x -{■ 1)™ — a;™ =r Ax"", and similarly for second and higher 
differences ; hence 

Do(^ + 0)™= (Ao— y A^+ . . .) (.r + 0)™= (a- y A^ + . . \t"'=J)x'^. (262) 

Also, Do^" = (Ao— . . .) ^™ == 0, and DpO = (Aj— . . .) =: 1 . As regards DoO^ 
DyO', &c., we have it proved algebraically (De Morgan, Calculus, p. 255) that 

-r- z=. A'^~'0''~"^ -f- A*0''~^ ; and hence, when r > 1 , we find by successive sub- 

stitution that 

i)oO' = (Ao- ^ A^ -f . . .) 0^ = 0. (263) 

*De Morgan gives, in the article Differential Calculus of the Penny Ot/clopmdia, certain comparative illus- 
trations of the current dofiiiitions of B.c', according to the systems of Infinitesimals, Prime and Ultimate 
Katies, Pluxiono, and Limits, and the Residual Analysis of Landen. Bach of these definitions requires seve- 
ral lines of print, the nearest approach to an equation being 

Da;3 = — ' = Zx^ . 
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Substituting these several results in (261), we have, finally, 

Dar^rzwa;™-^ (264) 

78. We have now passed in review the more important equivalents for 
D = log E which may be deduced from the general differentiate-expression 
(220). "We have seen how that theorem includes not only the known series 
in terms of A, 'A, and A, but also series in terms of an infinite number of 
other kinds of differences, besides the series in terms of de' ; and how, in 
addition to such series, it comprehends an unlimited number of symbolic 
vanishing fractions, equivalents of D, one of which fractions exhibits, when 
applied in practice, the hitherto customary process of differentiation. Wide 
as that expression is, we shall shortly see that it is but a special case of a 
more comprehensive formula for the transformation of d"; and, still further, 
we shall find that this latter formula is itself merely one case of a broader 
proposition regarding 9", which again is but a special case of a general theo- 
rem relating to all functions of E. For the due presentation of this general 
theorem I find it necessary to lay down a new theory of factorials. 



(265) 



VI. Theory of Factorials. 

79. Let 

^W _ /^m-i^ r{ xlr' + am) 

r{xh~ ^ -\- am — m + 1) ' 
where a and h have the same value as in 9, the difference-ratio symbol.* 
Whenever it is necessary to consider at the same time expressions involving 
more than one value of a or h,l shall add accents. Thus, while 9 and x'^'"^ 
are functions of a and /*, 9' and x^""^' will be the same functions of a' and /*', 
and 9" and a"^™^" those of a" and /*", where a' and /«', of' and h", may or may not be 
the same as a and h. Let us call (265) the general form of Primary Facto- 
rials ; ^™, for example, being the general form of the primary factorial of the 
third degree. 

80. By performing the operation, we find that 

dd"''^ = md"'-'^\ (266) 

81. Let us, except when otherwise expressly stated, consider only those 
cases in which m is neither negative nor fractional. We find that d"^ = 1 , 
that #^ =. X , and that for all values of m greater than 1 , 

a^w =:x{x-\- amh — h) {x + amh — 27i) . . . (a; + [a — 1] mA + Ji) , (267) 

* Here also (see note to paragraph 65) more symmetrical expressions can be had by writing — (I — 6) for a. 



For example, let az=17 and h = — ; then 



W 



m- 
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where a and Ji may have any value, positive or negative, whole or fractional, 

1_ 

= x {x-22 y) {x-22) (^-21 y) . (268) 

WhenazzO, we have as a special case those functions to which, for positive 
indices, the name factorial has heretofore been confined. 
82. When h-zzO , and a is finite, we have from (267) 

^[m] _ ^m^ ^269) 

When A = 0, anda = 7-, where c is a finite quantity other than 0, we 

derive a remarkable function, 

^w = x{x — cmy-^ . (270) 

When li is any quantity except and 1, the expression cfi^'^ may be reduced, 
by a suitable alteration of the variable, to a factorial form in which h-=zl. I 
shall, therefore, for brevity, omit the consideration of such values of Ji. The 

chief special cases when h-=:l are those where « = 0, a = l,and«=z— -, 

respectively, 

x^"''^ = x{x — l){x — 2) .. . {x — m + Vj, (271) 

^w = ^ (^ + m— 1) (a; + w — 2) . . . (^ + 1) , (272) 

x^"^^ zz X (x + ^ m — l\ (x + -^m — 2\ . . . (x—~m + l\. (273) 

The last form is no doubt novel. We may call these three varieties of facto- 
rials upper, lower, and central, respectively, to correspond with the analogous 
difference operations. A, 'A, and A ; and I would suggest for them the special 
symbols ^"^ ^^'", and af"'\ respectively. It is scarcely necessary to say that 
whatever may be proved true in general of 9 and x^"^^ will hold good of d and 
x'"\ A and x"'\ 'A and x^"", A and x^'^\ db" and x {x — cm)'"~'^, as well as all other 
possible special cases. 

83. By repetition of (266), 

g.^M _ ^n)^lm - «] _ ^(^ + ""^ ^[» - nl _ /274) 

i (1 + m — n) ^ ^ 

Operating on both sides by d~", dividing by m"', and writing m-{-n for m, we 

have 

a- "a;'" zz J"(l+»^) ^[« + »] (275) 

J {I -{- m -{- n) ^ ■' 

showing that (274) is true, as a principal form, when n is negative. If ar z= , 

and n<im, /9»7^n 



142 McClintock, An Essay on the Calculus of Enlargement. 

and when n=zm, 

grnQt"'] = T{l + m). (277) 

Operating on this with 3""''", supposing m> m, we have 

9»0W - , (278) 

because 9 (constant) =z . When, therefore, n is either greater or less than 

m, both being integral, 

a"0« = 0. (279) 

If ^x can be expressed in positive integral powers, one of the terms being a^sc''^ 

^dO^'^'i = «„a»OW = a J? (1 + m) = a,„a""OW = ^a'D^'. (280) 

Again, 

^ (cd) ow = c"'«„a'"Ow = c>aow = c™^a'OM'. (28i) 

84. Any factorial x'^"'^ may be expressed in factorials of any other form, 
such as d"''^; for ofi^^ is by definition, let us say, x"" + Cm'^"'""^ + • • • > ai^id x^'^^' 
is similarly x'^ + cj^"""^ + . . . , wherefore x^'^^, an algebraic expression of the 
mth degree, may be replaced by x^"^^', also of the wth degree, plus factorials of 
lower degrees, the coefficients of which may be determined from the data, 
which are sufficient for that purpose. In general, therefore, when %>- m, 

gmQM = a« (QM' +...)= 0, (282) 

and when n z=i m, 

Q,n,QM _ g/mQW, — f (1 + m) . (283) 

85. Again, 

4)90^ = ffi^a^OW — a^a^'-iaow = a^^md^-'Of-^"-'^ = ^'aOf"-", (284) 
and by repetition, 

^aO w = <p''dO^"' - "] = ^"a'Of"* - ">, (285) 

where ^"o: =r D^^x. For example, 

e^^QW = AV^Ora = A"* (1 + 7^9 + . . . ) 0™ zz r . (286) 

It follows from (285) and (152) that, when ^d can be expressed in positive 

integral powers of 9, 

^90W = ^""dO" = ^""O = D>0. (287) 

86. Suppose 

^E = ^9 =r ffo + «i3 + a,d^ + (288) 

By Herschel's theorem (162), 

i9 = ^dO» + a].DO . 9 + -|- iJ.dO' . 9^ + . . . , (289) 

and by Maclaurin's theorem (120), 

49 = D^O + D^^O . 9 + Y D^O . 9' + (290) 

From (288) we have at once, since fEO^"^^ = a^d^O^"^^ = 2 . 3 A . . . ma,,,, and 
therefore a^ =: „ „ . dEOf""], 



McClintock, An Essay on the Calculus of Enlargement. 143 

^E = ^eOM + 4)eOW .3 4--^ ^eO^^J • 9' + a <I>eO™ . 3' + (291) 

The same result may be had from (289) or (290), observing respectively (280) 
or (287). This is the general theorem referred to in paragraph 78. It may 
fitly be named the factorial theorem. It includes as special cases a very 
large number of known propositions of the Differential Calculus and Calculus 
of Finite Differences, and affords a ready instrument for the discovery of 
relations hitherto unnoticed. It should be laid down among the earliest propo- 
sitions in any formal treatise on the Calculils. Recurring to the line of thought 
pursued in paragraph 52, we may remark that this theorem applies in all 
cases where ^E produces determinate results, since it holds good, as proved, 
for all functions of e which can be expressed in positive integral powers of d. 
The following is a variation which results from (281) : 

4 {cd) = ^a'0[°> + ia'OP> . ca + 4- ^9'Of'^ c'd' + (292) 

Here -9' and x^""^ may or may not be the same as 3 and ^f"^, and c may have 
any value. Of course, ^eO™ z= ^1 , and <|)30™ = ^0 . 

87. An important case of the factorial theorem is that where ^E = e*. 
Applying it to 4'^, we have the following generalization of Taylor^ s theorem : 

r^ix + Jc)=^\^x-^ Jcd^x + 4- JcV'^d^x + (293) 

If -^x = d'"'^, we obtain a generalization of the binomial theorem, true for all values 
of m, including negative and fractional values, 

(x + kf"^ = a;W + i^3^w + 4- ^f'^3V'"> + (294) 

This enables us to expand any binomial factorial in factorials of any other 
desired form. For example, to expand {x-\- k)^"''^ in factorials of k, we have 
this minor generalization of the binomial theorem, 

(x + ^)M = x^'"'^ + mipC™ - "^ + m ^—^ arC" - ^^^ + . . . , (295) 

good for all values of m ; or, to expand (x + z^)*" in general primary factorials, 

(x + kY = iP" + Jcdx"^ + 4- A;ra3'a;'" + (296) 

If a^ zz , we have from (294) , for the expansion of a factorial in factorials 
of any other kind, whether m be positive or negative, whole or fractional, 

m' = /?;30f™> + 4- ^^'^3'OW + (297) 

If, in (293), x=^0, we have a generalization of Maclaurin's theorem, 

'4.k = ^^0 + kd^ + 4 '^^'^3'^0 + (298) 
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These various theorems for factorial expansion will be found capable of many 
useful and interesting applications. For example, in (298) let 4^ = c*, and 
let us write x for Jc ; then 

c'' = 1 + xd,(^ + ~ x^Wog' + . . . , (299) 

a generalization of the exponential theorem. An expression for the value of log 
(1 + x) may similarly be derived, of which one case is this known series, 

log (1 + 0^) = log 2.0; + -| log |- . ^(^- 1) + . . . . (300) 

If, in (299), we write e for c and kn for x, we have this result, 

E* = 1 + doe\ ^D + . . . , (301) 

4) {x + ^) = 4)0; + a„e° . ]cj)q>x + 4- dy. {JcDf^^^x + (302) 

88. A certain variation of (299) is so remarkable as to be worthy of 
extended notice. Let g be such that dg" =. g", that is to say, that 

~ j^-^~=f', (303) 

then 

™(1 — a)h w— ah 

whence 

/ — ! = %«*. (305) 

The solution of one of these equations will give the value of ^. If more than 

one solution presents itself, that only can be accepted which agrees with the 

condition df-=zf. When A = 0, equation (304) becomes log ^ =: 1 , or g^s. 

From (299) we have at once the series in question, 

^^l + ^ + i_^[2]_,__i_^[3]4...., (306) 

of which the exponential theorem (23) is a special case. If A z= 1 and « z= , 
we have a series verifiable by expanding (1 + I)'', 

2' = l + x + \x''^ + (307) 



2 



If A = 1 and a = -g- , 



(^^)'=l + -^ + T^^'' + --" (308) 



li h = 2 and a=: -^ , 



{l + ^2y = l + x+^x^'^ + ..., (309) 



land 
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where ^^^ = sc^, a?™ =. x {x ■\-l){x—l) , ^™ =zx {x-{-'2) x {x—2) ^ x^^'^ = x{x-\-^) 
(x + 1) (^ — 1) (^ — 3) , and so on. If A = — and a = 0, 

(|-)=l + ^+y^t2] + ..., (310) 

where x^^'^ z=.x \x-\- —j , x^^^^=x (x— — j (^ — 1) , and so on. If h = 

a:=l, similarly, 

4:^ = 1 + x + ~ai'^ + ..., (311) 

where x^^^ :=x (x-\- — j , a?™ =zx (x-j- — ) (^ + 1) , and so on. It is needless 

to multiply these illustrations, which show that e is but a type of an infinite 
number of constants, and that the exponential theorem is but the correspond- 
ing type of an infinite number of factorial series of the same general form. 
The series above given may be verified, of course, by arithmetical approxima- 
tion. It may be shown further that e"^ itself is capable of an unlimited num- 
ber of factorial expansions, all having the same coefficients as the exponential 
theorem. In general, 

,^::,l + ^+l^.ra + _L^[3]+..., (312) 

£*— 1 

wherea = A~Mog —7— . Thus, U h=:l, az=:log (e— 1), and x^'^^= x {x-\-2a—l), 

a?™ = x{x + 3a—l) {x-\-3a — 2), and so on ; if h = log {1 + h) = . 01 
nearly, a 1= 0, and af^^ := x {x — h), x^^^ ■= x [x — h) (^ — 2A), and so on ;. 
and if ^ zz log (1 + he) := 1 . 75 nearly, a ■= h~^ , and aP^ zz. x {x -{■ 2 — A), 
x^^'^ — X {x -\-2> — h) (^ + 3 — 2A), and so on. 

^(1 — a)* yr- ah 

89. Let z be that function of x which 9 is of E, namely, 7 , so 

1 
that arrz (14-^^'^''*)*- Since 4)Eoa;" 1=4)5;, dlx'^z=.z''. Applying the factorial 

theorem to x^, we obtain a generalization of HerscheVs theorem, 

^x = ^eO" + zcpjiO + -J- z>e0^^3 + (313) 

If ^x = 4'Z, ^E = 4^d. If h = 0, z = log ^ , x = e% QW = 0", and we have, 
as a special case, Herschel's theorem. If ^ = 1 and (2 = 0, x:=l-\- z, and 

{l + z)= 4)eO'' + z|)eO + -^ z^^eO^> + . . . ; (314) 

while if A = 1 and a=zl, x = , and 

1 — 2 

^ -^ = ^eO** + z^-eO + ~ z^4)eO(^ + (315) 
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To illustrate these apparently novel expansion -theorems, take 

(1 + zY = E-'O*' + ZE'-O + 4- 2'e"0') + . . . 

= l + zn + ^ z'n'^ + ... , (316) 

(.1-^J= 1 + zn + i- 2V + . . . , (317) 

as by the binomial theorem. By putting Ji =. zoc, we easily derive from (314) 
and (315) two variations of Taylor's theorem : 

^{oc + h) =^ (a^rOO" + hx- > (^e)O + y h^x~ ^^ (a^E)O^) + • • • , (318) 

^ (x + h) =^ — Q'-hx-'^ — + ^ ¥w-'^ — 0^' - (319) 

These formulaj are particularly worthy of attention. In them, we have Tay- 
lor's theorem demonstrated, and the coefficients expressed, without any refer- 
ence whatever to the operation of differentiation ; a result, the possibility of 
which would have seemed incredible. We obtain by this means expressions 
equivalent to 3^iv which may be added, with advantage, to the list of those 
already considered; the chief advantage being thai they are neither vanish- 
ing fractions nor infinite series, and cannot, indeed, be looked upon as in any 
respect transcendental. They are, 

D^^ = a?-^(a;E)0, (320) 

T)^x = — x-^^~0. (321) 

For example, 

De^ = x-'s'' + "^0 = ^- ^e^ (1 + ^A + . . .) = e% (322) 

D log x = x~' (log X + log [1 -f A]) = ^-^(a — —A' -j-..?\0 = x-\ (323) 

D^™ = X- ^o^^E^O =z mx"" - ^ . (324) 

These expressions for 3^x may be proved independently of Taylor's theorem. 
Thus, if a„,x'^ be the general term of ^x, that of d^x will be ajnx'^~'^, which 
is also that of x~^f {xn) , or x~^a^x"'B"'0 . In general, similarly, 

j)"^x = X- > (^e) 0">, (325) 

D^cpx = (— ] )"^-> — 0^ (326) 

For example, n being a positive integer, 

D" log x = x-~'' (log o: -f log [1 + A]) 0") = *-"(— 1)" - 1 — A'-O").* (237) 



n 



* Since this was written, I have found other forms of D^^x , and therefore of Taylor's theorem. By (110), 
ps^c" ^fc; hence, 'p(x -\- A|,)(l -(- h)" =ji[x-\- h), and 

<^{^x■\-h)=lpx■\■^{x-{-^)o+—h^{x-\-^)o^^)-\- 
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90. If, in (313), we write 4) log for ^, we have a logarithmic formula of 
extraordinary generality, which may properly be called the logarithmic theorem : 

^\ogx = ^dO» + 2(^dO + -- z^^T>(P^ + (328) 

An obviously important case is that where ^ log oc =: (log w)", and of this, 
again, the most common and most useful special case is 

log x = z + -l- z'dO'-'^ + A 2'dO™ + (329) 

We have thus, though in a diiferent and more perspicuous shape, the general 
logarithmic series (31). To reduce it to the algebraic form of (31), we have 
only to put yzzhz, and to observe that 

j)m - DoO (0 + 2aA -h)=1ah-h, (330) 

and so on, the general rule being 

dOW = d04)0 — Od^O + ^OdO = ^0 . (33 1 ) 

91. Of the various functions of e which may be expressed by the aid of 
the factorial theorem in terms of 3, the most important are those other differ- 
ence-ratios, of whatever degree, collectively represented by the symbol 9'". 
When ^E = 9'", all terms of the expansion prior to that containing 9'"0-'*^ 
vanish, as may be seen from (282), and we have remaining the following 
difference-ratio transformation formula : 

Of this formula one or two special cases are already known, as where 9 and 9' 
are respectively d and A, and vice versa ; though it does not appear to. be 
admitted, in the discussion of those cases, that any negative value can be 
assigned to n* I shall now show that the general formula, including, of 
course, the cases just referred to, holds good when n is negative. That 

9^™=:0^f-" = ^^f-'J follows from (274). If it be doubted, we may, for ' 

present purposes, define TO to be ri -^-^ , r (— 1) to be —- , and so on, so that 

(274) may hold good for all possible integral values of m and n. The quan- 
tities so defined are imaginary, indeed, but if their use enables us to reach 

Here D»'f'B = ^{a; + A)0"). Similarly, ^(c!; + "A„){l — h)- <> =rl>{x-{-h), and D''(Ja; = ^ (» + 'A) 0(». In general, 
D„<j,x = ij>{x-\-3(,)0^'"\ani, still more generiMy, h''i>y (kx) = kn^[kx-\- kd„) 0^"^ ; an expression readily de- 
rived from (167) and (280). If n = l, we have vfx = f (x + d^} . For example, dS'' = e" E^'"^ '^ ^ 

= e''\l-\-2xd + . . .)0 = S'' 2x. 

* Compare Boole, Finite Differences, 2d ed., p. 24. 
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finite results, no valid, objection can be made to it. We find by the factorial 
theorem, n being supposed negative, that 

(1)""= (1)""^"+ (l)""^-^ + T (|r)">.a^ + . . .. (333) 
From (274), 

\d' J i (1 + »i + w) ^ ' 

Making the proper substitutions, and multiplying both sides of (333) by 9", 
we have (332) true when n is negative. That the coefficients are in that case 
finite may be seen, for 

(-| ) ~"ow = a-»a-o^-\ (335) 

and since 0^™^ may be expressed in factorials of the form 0'"^', neither the ope- 
ration 9'" nor the subsequent operation 9~" can destroy its finite character. 

92. The coefficient of 9^ + >• in (332) is 9"0r''+'-J ^ r^y^ ^j^^g ^^ ^^^^^ 

^ ' 1 {n -\- r -\-V) 

cients is likely to become so important that it will be desirable to assign to it 
a special symbol, by way of abbreviation. Let the general symbol be ^"^^9'", 
and let the same device be employed in all special cases, so that, for example, 

r, " ^1^ = -A^ (337) 

and so on. We may, therefore, wherever we see -an index prefixed to a dif- 
ference-ratio symbol, understand that it indicates a constant coefficient. 

93. Using these symbols, we may thus write the difference-ratio transfor- 
mation formula (332) : 

9'" = 9"+w9'".9" + i + f']9'".9» + ' + (338) 

If 9' = D, 

D» = 9" + "b». 9" + ' + t'b". 9" + ' + ... , (339) 

where, if w =: 1 , 

D ±r 9 + "W. 9^ + ^'^D^ 9' -f . . . , (340) 

which is merely a concise way of writing the general differentiate expression 
(220). The interpretation of w^i has been illustrated in paragraph 90, in 
discussing the corresponding logarithmic series. 

94. Perhaps the next most important special case of the transformation 
formula (332, 338) is that where m = — 1 , 

9'-^ = 9-^ + ^9'-^ 9" + f^J9'-^ 9 + • . . , (341) 
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a most comprehensive summation formula, which includes as many special 
cases as there are ways of combining the special forms of 9, such as d, A,'A, A, 
&c., including, as we shall shortly see, those mean central differences whose 
symbol is lA". Among these special cases, which, having been thus distinctly 
indicated, it is needless to write out at present, are several known formulae ; 
known, that is to say, in substance, though the correct form of their coeffi- 
cients is probably a novelty. One of these is the celebrated series of Mac- 
laurin and Euler, namely, in our notation, 

A-i=:d-i + >A-\d» + 2A-^d + . . . , (342) 

the coefficients of which are factors of the formerly inexplicable Numbers of 
Bernoulli.* We may write (341) in this form, 

d'-^ = (1 + ^'^d'-\ d + f^^a'-i. a^ + . . .) a-s (343) 

whence 

d'-'d = 1 + wa'-i. a + ^a'-^ a' + (344) 

Various special cases of these two formulae will be found useful in practice. 
When a = A and a' = d , we derive from" (344) the well-known formula of 
Laplace customarily employed for mechanical quadrature. 

95. The coefficients required in the more important applications of the 
factorial theorem ought to be tabulated. This is particularly true of those 
coefficients, represented by '^'"^a", which are needed in applying the difference- 
ratio transformation formula (338), a theorem of which many cases will 
become increasingly important in the future. As a specimen of what should 
be done in the tabulation of coefficients, I give now a table of ''A" and '^D", 
computed with due care, which will be found useful in applying these two 

formulae, 

A" = D" + ^A". D" + 1 -f ^A". D" + ^ + . . . , (345) 

and 

D" = A" + ''d". A" + ^ -f ^^D''. A" + ^ + . . . . (346) 

These formulae are deduced from (338) by putting a := D and a' ::= A, and vice 
versa. They are well known for positive values of w, though the coefficients 
do not seem to have been tabulated ; and are true, as already shown, for nega- 
tive values. The table contains, of course, the coefficients of ^" + '' in (e''— 1)" 
and [log (1 + x)'\\ When r < 0, "A" = "-^d" = 0. [See Note, pp. 160 and 151.] 

11 1 

* These numbers are, ^A- ^ =— — , 2 . ^A- 1 = 2A- iQ = — , 2.3.4. *A- 1 = 4A- lO^ =— ^ . 2.3.4.5.6.«A-i 

== 6A- 10^ = — , and so on. 
39 
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As a mere object of curiosity, this table is very remarkable. An unlimited number of general formulae 
exhibiting relations between the tabular numbers may be devised. Some fifty which I have noticed, including 
a small number derived from known expressions by dividing by F (w + r + 1), are appended. Negative values 
may bo assigned to c. 

Bquitalbnts 01' "A" : 

'•)j)— n — r— 1 r — l^n + 1 

' ' r Aa +1 r — \ An + 1 

n -\-\ ' ' 

l)rj<i r — l^n + l 2)jj» r — 2An + 2 



n 



. IJ—n-l r-ljn+l 2J-n-2 r — 2An + 



2 



m+ r ■ n + 2' ■ ■ ■ • ' 

/"■Ai + l r-lAn + 2 r-2^n+3 \ 

'•^'>+ " _[_ l)j)'=_''-lJ» + o+l _L 2)j^e^r-2Jn+ e + 2 i 

rji+c I i__ lJ-c-l^r-lJn + c+1 I i_ ^2J-<!-2_ r-2Jn + c + 2 l _ 

l)jj>s+r— I r — ljn 2)j~n + r — 2 r — 2Jn 

_n_±r~l l.^^rr~lA._1±IlZl2A-n-rr~2An 
n / r— 2A« — 1 X 

n-\rr\ ^ ^ 1.2 ^•'')^ 

'J" + = _|_ ~-~ . l)!)" - 1 . •■ - 1 J" + " -)- — ^ . ^^D" - 2 ^ •■ - 2 Jn + " _]_ ^ ^ ^ 

,...j.-._^i^j..j.-2. + . . . + (ly^ 

" l)p,n + >--l r-l)p,l-n-j- ^ 2)j^n + r-2 r-2)„2->i-r. 



n-\-r — 1' »■-)-»• — 2* 

_ — '"L- nj-n-rj--i)Q\-n-T i 2J_ a - r^r - 2)jj2 - n - r I _ ^ \ 
jl — 1 ^'')d' — " — >" >• — 1)])2 — n — r r — 2)]33 — n — >• _ v 

**» + rV« + r- — 1 ' n-\-r — 2 '^ [n-\-r — Z)\ .2 ^ ' ' ' ) ' 

c — n , c — TO 

On" - » - ' ■ 



. •'D' 



c — n — r c — TO — r -\- 



c — TO — r+1 



-^ !!_ r)jjO-«-r _j_ t "l £__l)jj-«-l_r-l)j^=-n-r + l _|_ 



c — n — r e — n — r-\-lc-\-\ 



r)-p,<: - n - >• . 



c — M — r 2 2c 

TO 



^ ,>,»-.+. ..+(!)'. 



TO -|- r 



^lj_„_l^,_l)jj_„_, _j_ 2J_n-2_r-2)^-n-r 4- . . .) , 



. '^+i . 1)d»/-1)_d-»-'-_'L+^ _2)j)»_»--2)j)-n-r. 

TO + r ' ' TO + »• ' 



„ + ^2'--A 2 • ° + 22 2 • ^ + 23 2 3 • ° -T-'), 



r) pv— n — r — I r — 1) -p.— n — r — 1 I r — 2) p.— n — r — 1 



C W . C TO 1,. ,x 



c — n — r c — n — r 



— n — r' c — TO — r c — l' 
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Equivalents of ''d": 



n + 1 ' " ^n + 1' " ' 



n -|- 1 M -|- 2 

S--— 1 \ 2 * 22 2 ■ "*" 23 2 3 • 

('* + ^ + i)(,7^ + ^r;i- + („+3)i.2 + ---;' 

'•)n" + " -I- — ^ ')d~''"~' '•-I)n" + ''+l J 2)„-o-2 r-2),^n+<! + 2 I 

lJn + r — 1 r — l)jyn 2Jn + r-2 r — 2)^n 

M -|- ?• n -{- r 

w -|- *■ 

'■)d>» + « _L I'd-" . •■-1)d» + <' _|_ 2)j)-<! _ r-2)jj» + c -J- ^ , , 



^' l/Zn + r-l r — lAl — n — r " 2//» + r-2 >--2/f2 — n — r 

■ .iJ .iJ .iJ .ii ••'9 

n -\- r — 1 n -\- 1 Z 

" n)jj-n-r ^r-ljl-n— r l 2)jj-n — r _ .--2^2 — n-r 1 _ _ \ 

n-\-r^ ' ' ' ' 'J > 

jl X y' r^l—n—r r — l^2—n — r r— 2^3— n— r n 

n -{- r \n -]- r — 1 »-]-»• — 2 w-j-j 3 ***/' 

c — n . c — n ,, ,, ,, 



c — n — r c — n — r-|-l 

r /jc — n — r _l_ 1 /i — c — 1 j — l^c — n — r + 1 l_ 

c — n — r ' c — n — r -]- 1 c -{- 1 ' ' i^ • ' ' > 

c — n . r — 12c — n .„ / c\'^ 

rAc—n-r „ ryfic — n — r _J_ _J_ / \ 



e — n — r 

n 



— (^D-"-' . '•-IJ-i-'- J_ 2)jj-n-2 ^ r-2J-n-r I ^ _ ^ 



" ~r ^ l/f» r — l/l—n — r ^ -\- 2 ^ r~2 1-n-r 

n-}- r n -\- r ' 

— n /r — 1/il—n-r n -\- r -{- 1 r — 2/^2— n—r ^_|_^_|_1 n ^ ,. -\- 2 r — 343 — n — >• s 

2'-— 1 \ 2 "" 2 22 "'~ 2 8 2^ ~ ' ' •) } 

r — 2^ — n — r — 1 
.j_„_._l _j_ r-lj-n-r-l _^ _ + . . . , 

c — n . c — n — 1 , , , , 

r/lc — n — r l . lA — c r—lAc — n — r l 

c — n — r' c — n^-r' ' '''> 

e — n , , c — n — 1 c 



f M — « — T I , , l)|-vC— I r—XAc — n — r \ 

I — r * e — n — re — 1* 



152 



McClintock, An Essay on the Calculus of Enlargement 



Table of ''A" : 



/|"0"+' 



AND OF "•'©" = 



jfQni-r) 



r(n + r+l) ~ r{n-i-r + l) 

Paragraph 95. 
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96. The factorial theorem may be applied m many cases not contem- 
plated'in the foregoing analysis, cases the discussion of which requires the 
consideration of a class of functions much wider than that already widened 
class to which I have extended the name of factorial. The chief mark of a 
factorial, as I have defined it, is the .property (266), 3^1^™^ = m^f*""^^. That 
this is not the only mark, however, is readily to be seen, since an}' function 
of X and m might be made the starting point of a series of functions possessed 
of that property, to be developed by performing the operation 9 or 9"\ it 
being understood that m~^d^ {x, m) must be called ^ {x, m — 1). The form 
of the function, however, would, in most cases, be liable to perpetual altera- 
tion, and it is only such functions as retain their form after being operated 
upon by 9 that can to advantage be classed together under the same name. 

97. I call a^f™^ a primary factorial because it is the simplest form of func- 
tion of which we may say 9^ {x, m) n m^ [x, m—1) . If we make x^^^ =: 1 , 
which is clearly its simplest form, we find that 

x^'^ = d-'x^'^ = x. (347) 

The possible complementary constant is, for simplicity, disregarded. Simi- 
larly, 

^.[2] _ 29- 1^ _ ^ (^ _|_ 2ah - h) ; (348) 

and by repeated operation we find that (267) is the simplest general form of 
function to which the property 9^ {x, m) :=z m^ {x, m — 1) can be ascribed. 

98. Let Q be any function of e; then, whatever value be assigned to m, 

Let q,x^'^^ be represented by ^'"s ; then 

9*'^'"« = mx^'"-'L (350) 

In a;*"' we have, I think, the most general form of function to which the term 
factorial can conveniently be applied. 

99. We can now extend widely the applicability of the factorial theorem. 
Let Gz=Q~^, where Q is any function of e to which that theorem applies. 
Then, writing <|)EQ for ^^ in (291), 

^EG- 1 = ^EQ = ^eqO™ + ^eqO^']. 9 + (351) 

Writing O'"' for qO^"^, and multiplying both sides by G, we have the factorial 
theorem in this more general form, 

4)E = ^E0^''lG-f ^E0^'lG9 + -^^E0^'>.G9-'-f (352) 

From this may be drawn deductions similar, mutatis mutandis, to those already 
made from the factorial theorem. 



154 McClintock, An Essay on the Calculus of Enlargement. 

100. Of the forms which G can assume, one of the most important is 

G zz aE- "* -f (1 — a) e(i - «>*. (353) 

In this case, let what ^'"^ becomes be denoted by x^'^^, employing reversed 
brackets. Then, for all values of m, 

,a;^™[=ra;-V» + ", (354) 

as may be shown by performing the operation g on both sides, resulting in the 
normal equation Qx^'^^ =: d^'K In general, therefore, 

^M = Tr ^^(5- + a [>. + !]) 

1 (xh ^ -\- a\m -\- i\ — m) ^ ' 

and when m is positive and integral, 

x^^— (^+«[m+l] A— A)(a;+a [m+l] 1—^) . . . {x+ [«— l][m+l] k+h). (356) 
Let us call all functions of this form Secondary Factorials. Just as we have 
distinguished certain functions as primary factorials, because they are the 
simplest functions complying with the conditions d^ {x, m) =. m^{x, m — 1) and 
^ {x, 0) =: a?", so we may remark in this case that the class of secondary facto- 
rials comprises those which comply with the conditions 3^ [x, m) =: m^ {x, m — 1) 
and ^ (a^, — 1) ■=zx''^ . 

101. The investigation of negative factorials is not required in connection 
with the object for which I have embraced the theory of factorials in this 
essay, namely, the development and illustration of the factorial theorem. I 
shall, therefore, dismiss that branch of the subject with but transient consid- 
eration. When m is a negative integer, we have, as the general form of 
primary factorials, 

-pW — ? . (357) 

{x + amh){x + amh — A) ... (a; + [a — 1] mh) ' ^ ' 

and, when m is any negative integer (except — ^^1 , when x'^~'^^ =r x~^), 

*""^ ~ {^^T'^^^l]h){x + alm+ l}h-h)...{x + la-l]im + 1]A) ^^^^^ 
as the general form of secondary factorials. By repeated operation, 

g»^]-i[, _ gn^i-,[ _ (_ ly ^(1 _|_ n) x^'"-'^. (359) 

But, by (338), 

d''x^-'^' = (3'" + »a". a'»+i + . . .) ^]-'f' 

- (_ 1)- r(l + n) (a^] -»-!['— [^^ 4- 1] .W'a». ^] -"-'* + ...). (360) 

Comparing these two expressions, and writing n—1 for n, we have this gene- 
ral theorem for the transformation of one form of negative integral secondary 
factorial into another, 

^i-ni — ^i~n[>_nm>Q»-\a;^-n-iuj^n{n+l) .^'3"-". a;i-"~'f'— (361) 
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Since ^'^~"^=:.'r.ri"'''~^f, we obtain also the following general theorem for the 
transformation of negative integral primary factorials, 

^,[-,0 _ ^[-«>_ (^ + 1) .[i>a». ^[-»-i>4- {n + 1) (m + 2) . ra'a\ a^c-''-^]'- .... (362) 
102. We may distinguish the principal special cases of secondary, and 
also negative, factorials in a manner similar to that employed for the distinc- 
tion of the corresponding special cases of positive primary factorials. The 
following table, showing the chief special forms of a?™ and x^~^^ , x^^^ and x^~^^, 
will afford a sufficient illustration of the use of the various special symbols 
which represent the most important varieties of factorials. 
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a 


Primary. 




Sbcondaby. 


Positive ; 


Power 







X^ = XXX 




x^ =xxx 




Upper 


1 





x^)=x{x—\){x — ^) 




x»( = {x — l){x — 2){x — S) 




Lower 


1 


1 


x<?=x(x-\-'i){x-\-'i-) 




x)S = (a; + 3)(a; 4- 2){x -f 1) 




Central 


1 


1 
2 


x<?) = x(^x + ^^{x- 


4) 


xn = (x + l)x(x — l) 
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• Power 
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x—^ = • 

XXX 
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1 





3—^) 




X- ■^' 




{x + l){x+2)(x 


+ 3) 


x(x+l)(x+2) 




Lower 


1 


1 


^(_, ._ 1 




1 




{x-S){x-~2)(x 


-1) 


{x~2)(x — l) X 




Central 


1 


1 


x' ') 


X 


a:' — '*' 




('._i^l'._ 


r\{.^L\t 


.^l^ (a;- 1)0: (a: +1) 



Exclusive of w"', the most important forms of d'"'^ are a;'"\ a;^™', and ^^™', corres- 
ponding respectively to the three most important forms of difference, A, A and 
lA. Lower differences and lower factorials are comparatively unimportant, 
since ^'A^^ =i^{—A) 4^ {—y) , where y=i — x, a slight transformation thus 
enabling us to use A instead of -A. 

103. For expansion in terms of mean central differences, we may, in 
(352), write i for g and 0*"'' for O^*"', when the factorial theorem assumes this- 
shape : 

4)E = ^eOW . I + 4)eO)'( . I a + y 4)eO)'( . I A^ + (363) 

To illustrate this formula, let ^e = e", and we have at once the well known 
formula for interpolation, due to Gauss, and now assuming the following 
symmetrical form : 



0)^( 

273^4 
Again, let 4)E = D ; then 



Tf = i+~ iA^+ ^Vl i^*+- • • • (364) 



D = iA + |^lA^-f,-|^, IA«+. . . . (365) 
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Thus is disclosed, in the neatest possible form, the law of the known series 
(256). Another special case of (363) is the following important, and proba- 
bly new, summation formula: 

rh^T-T '^+ i iA«-^ iA'+. . . . (366) 

This formula, which is otherwise easily demonstrable, since — — = -;r — - — -r^ , 

may bo interpreted as follows. If . . . a_, , a^, a^, . . . be any series, 

«o — «i + «2 — • . • = Y «o — J- i-A-«o4- ^ lA^Go— . . . . (367) 

This theorem will doubtless be found at least equal in usefulness to the cor- 
responding formula in upper differences, and superior to Button's method of 
summing quantities alternately positive and negative. It is almost needless 
to say that lA" may be written in (332) for 9'", or, if 0'™' is also written for 0^, 
for 9", according as it is desired to transform mean central differences, positive 
or negative, into other forms of difference-ratio, or vice versa. It does not 
seem necessary, for present purposes, to enter into a recital of the proof of 
this statement. The coefficients represented by '"lA" and ^''"^d" are of considera- 
ble importance, and should be tabulated. 

VII. Theory of the Calculus of Multiplication. 

104. The Calculus of Enlargement is, as we have seen, based on that 
operation which changes ^x into ^ [x -f h) by adding to the variable. If we 
seek the most simple repetitive operation which shall have the effect of multi- 
plying X, instead of adding to it, we shall find that it consists in changing 
^x into ^ (*■£*) . Let us denote this operation, as in paragraph 34, by the 
symbol m, so that 

■mJ'^x = ^ (.re*) . (368) 

The operation E*, the basis of the Calculus of Enlargement, changes x in 
arithmetical ratio, so to speak, while the operation m*, the basis of what we 
may call the Calculus of Multiplication, changes it in geometrical ratio. 

105. We have seen that in this case M r= s where 4'^ =. log x, and that 
all the results derivable from a possible Calculus of Multiplication can be 
obtained at once from the Calculus of Enlargement by expressing functions 
of X as functions of « = log x, and observing that M^= E„. It is, therefore, 
unnecessary for any practical purpose to discuss that possible calculus. 
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Nevertheless such a discussion will not now be useless, for it will serve to 

illustrate and impress upon the mind the truth that the Calculus of Enlarge- 
ment is not the only possible calculus, but is rather to be regarded as the 
simplest of many possible systems. 

106. Let log M be represented by.L; then, by (69), 

M* = 1 + Al + 4- /i'L^ + • . . , (369) 

4) {xs'') =.^x-\- Ji-Lfx + Y Ji^^^^x + . . . . (370) 
Putting iT = 1 , and afterwards writing ^ log for ^, we have 

<|) (e*) = ^1 + hl.^1 + 4- ^'L^l + • . . , (371) 

^h = ^0 + liL^ log 1 + 4- ^^^^^^ log 1 + (372) 

These three theorems are respectively analogous to those of Taylor, Herschel, 

and Maclaurin. Assuming, what will be proved, that 

(^L^- log 1 = 4l^ log 1 , (373) 
we have also 

^ (e*) = ^1 + ^^M log 1 + -^ A>M (log 1)^ + . . . , (374) 

4)A =z 4)0 + h^j. log 1 + Y /«'4)L (log 1)^ + (375) 

107. From (75), 

L log a^ = 1 . (376) 
From (77) and (78), 

^m^4'(m, v,w,...)=^ (m^i^m,|,m^i„ . . .) 4 {u, v,w,.. .), (377) 

^M^ I „'4. {u, v)=^ (M^M^ \v~')^ (u, v) . (378) 
From (88), 

jj^v = L^ log u.-L^v. (379) 

108. By comparison of the general terms of the expansions of the two 
members in each case, respectively, we find that 

4)M^^ (xy) = ^Mj,t]. (xy) , (380) 

^ (j/M^) ^a? = ^ {xMy) ^y , (381) 

^Mx^'^^x = x""^ (e™M) 4^x , (382) 

^ (m,m, . ..)s = s^ (e") , (383) 
where s is a quantic of the nth. degree, say s = a?y . . . , Avhere h-\- k-\- . . .:=n; 

also 

^ (m^Mj, . . .) s^ {x, y,...) = s^ (e"M^M^ . . .) 4>{x,y,. . .). (384) 

If, in (381), y = l, 

^u4^x ■=. 4- (^Mi) ^1 , (385) 
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^MT™ = a^^Mf^)! r= a;> (e") , (386) 

^M^c = 0^1 , (387) 
c being anything independent of x. 

109. Writing, in the foregoing formulae, f log for ^, we have these 
general theorems, 

4)L^i^ (m, i;; w, . . .) = ^ (l„|„ 4- L,|, + L^i„ + . . .) 4- {u, v,w,.. .), (388) 

4)L^ I ,.4 [u, v)=^ (l, — l^ , ,) ^ (w, v) , (389) 

^L,^ (a^^) = ^L^i^ (o^^r) , (390) 

^ (log y + L,) ^^ = ^ (wM^) q, log y, (391) 

qt-hx'^i^x = arq> {m + l) 4^x, (392) 

^ (l^ + L^ + . . .) s = s^Ji, (393) 

^ (L, + L^ + . . .) si' {x,y, . . .) = s^ (»+ 1^.+ L,+ • . .) ^ (^,y> • • •). (394) 

^Li^ar = 4- (^Mi) 4) log 1, (395) 

^Lx™ = a;>m, (396) 

4)Lc = c^O. (397) 
From (395), writing 4- log for t^, and putting ^ = 1 , we have (373). As spe- 
cial cases of some of these general theorems, we obtain 

1L14. {U, V,...) = (L,,„ + L,|, + . . .f4.{u, V, . . .), (398) 

Jj^UV := UliJ) + ^I^a;^ , (399) 

L. I u"^ (w, v) = (L, - L, I ,yi^ (u, v) , (400) 

L^iP™ = a?™m», (401) 

L^"' IT mx"^, (402) 

Lc=0. (403) 

110. From (379), since L„u = u, 

h^u = uL^ log u , (404) 

Le*^ — £*^L^ir , (405) 

Ls^" — £*»^Li5;ar = e'"'kx . (406) 

To illustrate (404), 

-Lx"" = ^™LTO log X = mx^, (407) 

L.logw^'^, (408) 

L log ^ = ^ = 1 . (409) 

111. If we know the development of ^ (xs'') in positive integral powers 
of A, we can tell from it the value of ^^x, which, by (370), is the coefficient 
of h in such development. Thus, since ^""e*™ zz ^™ (1 + Am + . . .), we have 
■hx^ ■=. mx"", and since log {x^) = log x + h, we have l log a? 1= 1 . Again, the 
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various special cases of the general logarithmic series (31) will aiford equiva- 
lents for L in terms of M or of simple functions of m, by means of Avhich we 
may ascertain ii^x. It is needless to recite these cases. As illustrations, 

La?"' = —^ x"' = x"" -~^— = mx"", (410) 

, log (xs") — log X ^ , t-,-,^ 

L log a; = ~Q = 1 » (411) 

L^" = {-M. — 1) x'^ — ~ {u — lyx"^ + . . . = «?'"([£"• — 1] — , . .) ::: mx"'. (412) 

112. It follows from (403) that, when the inverse operation l"^ is per- 
formed, a complementary constant must be introduced. Performing that 

operation on (399) we have 

L~ ^uh^v =zuv — l;7 ^IjjM . (413) 

For example, 

L~ ^xs" =. xs' — ir ^x^s" 

z=X£" r- a^s" + L~ ^ -X- xf's" 

= ^e^— — ^V + ^r^^V— . . . + c. (414) 

But L~^^e'' = £"'. Substituting this in (414), dividing throughout bye'', and 
writing — x for x, we have 

ce'' = l-}-x+^x' + ..., (415) 

wherein putting x = shows that c=:l . 

113. If 4)X is algebraically less than <p{xs'') for all values of h lying be- 
tween some positive quantity and some other negative quantity, exclusive of 
the value A := , it is a minimum, and if greater than ^ (xe'') for all such 
values, a maximum. If, in 

<|) {xs'') =^x-\- hh^x + -jr- h^i?^x + . . . , (416) 

lu^x does not vanish, ^x is neither a maximum nor a minimum, unless, indeed, 
x,^x is infinite, a case which we need not now consider ; for, by making h small 
enough to cause hi,^x to exceed the sum of all succeeding terms, (a?e*) — ^x 
and 4) {x£~'') — ^x will have different signs. If hi,^x =. , 

^ {xs") =^x+ 4- ^'I'V^ + . • • , (417) 

and when k is small enough to cause -^ h'^h'^x to exceed the sum of all sue- 
ceeding terms, ^ (^e*) —^x and ^ (^e~*) — ^x will have the same sign, and ^x 
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will be a maximum or a minimum, provided i?^x does not vanish, in which 
case the matter is still in doubt. If j}^x is negative, ^x is a maximum, and 
vice versa. . It may in this manner be shown that for ^x to be a maximum or 
minimum an odd number of powers of h must vanish, in which case the coef- 
ficient of the next succeeding power will, by its sign, determine whether ^x is 
a maximum or a minimum. For example, let 4)a'i= e^~* + £'"""^ + 2 cos {x — 1). 
In this case it will be found that, when ^ zi: 1 , Jj^x, ij^<px and i?<^x all vanish, 
and j}^x ■=z 4 , showing that ^x is a minimum. 

114. Since the processes of any calculus may be expressed in the lan- 
guage of any other calculus, those of the Calculus of Enlargement may be 
expressed in the language of the Calculus of Multiplication. For example, 
let us in (370) write ^ log for ^ and x for log x ; then, if m zz e", 

^{x + h) = ^x + hh^^x + — ¥jJi^x + . . . , (418) 

a form of Taylor's theorem. Since by (379) L^zr ^"'l^,, 

^{x-{-h)=^x + Jix- 'i.^^x + Y A' {s- 'J^^y^x + (419) 

The results of the Calculus of Enlargement may thus, in general, be obtained 
by the processes of the Calculus of Multiplication ; though the former method 
must, of course, be preferred on the ground of simplicity. For expressing 
the results of the Calculus of Multiplication in the language of the Calculus 
of Enlargement we have, from (93), 

L^ =: h^ . D^ zn XB^ . (420) 

0. Summary. 

115. The Calculus of Enlargement relates to the theory and practice of 
certain operations, embracing in its field the Calculus of Finite Dififerences, 
the Differential and Integral Calculus, and the Calculus of Variations. The 
operations comprised by it are those whose symbols are functions of E, the 
symbol of Enlargement, the operation by which ^x becomes ^(^ + 1). It 
would be possible to form any number of systems, each a calculus comprising 
operations whose symbols are functions of some simple symbol other than e, 
but the results so obtainable can be got from the Calculus of Enlargement, 
and the elaboration of such other systems would, therefore, be superfluous. 

116. All functions of e may be treated separately from the subject of 
operation, by any algebraic rules applicable to symbols in general, the theory 
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of the functions of e forming an Algebra of which the theory of Diiferentia- 
tion is that part corresponding to the theory of Logarithms in ordinary Alge- 
bra. The symbol of Differentiation, d, is the logarithm of E, the symbol of 
Enlargement. Whatever theorems may be proved regarding functions of e, 
as such, are ti'ue of D as one such function. It is worth remarking that at 
first the theory of logarithms was treated in a far-fetched and comparatively 
obscure manner, in connection with the properties of the hyperbola ; many 
years passing before it was reduced to a simpler form as a branch of algebra. 
It is not without historical analogy, therefore, that the doctrine of differentia- 
tion has hitherto failed to find its true place as the logarithmic branch of that 
wider algebra, the doctrine of the functions of e, or Calculus of Enlargement.* 
117. For the direct interpretation of d it is necessary to write e for x 
in expressions giving log x in terms of x or of simple functions of x. The 
two general logarithmic theorems (30) and (31) embrace, as special cases, 
many such expressions. For the better understanding of logarithms, it is 
best to refrain, in the definition of a logarithm, from describing it as an expo* 
nent. To explain differentials, we have the definition d =: log e , where e rep- 
resents enlargement with respect to a hypothetical variable ; and also, for 
infinitesimal differentials, the equation (Z= e''~"^" — e~'"'. The most impor- 
tant expressions equivalent to D ai'e three principal vanishing fractions and 
three corresponding series. The symbolic vanishing fractions appear to be 
novel, though the practical application of one or two of them is familiar; 
while, on the other hand, the series are well known in their symbolic form, 
though their practical use as definitions of d does not seem to have been pre- 
viously suggested. These fractions and series are special cases of a single 
differentiate-expression (220), which is itself a special case of the factorial 
theorem. Taken all together, and in connection with other equivalents of i), 
they convey a broad and comprehensive idea of the meaning of the operation 
of differentiation ; the notion afforded by the vanishing fractions being at 
once the hardest to grasp and the most satisfactory when clearly understood. 

*'< In fact, the arrangement of the truths of analytical science, such as history gives it, is very diflFerent 
from their logical and natural arrangement ; and as, in the infancy of analysis, mathematicians were more 
solicitous to advance it, than to advance it by just and natural means, they frequently deviated into indirect and 
foreign demonstrations. . . . The evil attending on this mode of procedure has been, . . . that the principles of a 
general method have been sought for in some particular method, properly (that is, according to the logical and 
natural order of ideas) to be comprehended under the general one." Woodhouse, Analytical Calculations, p. 40. 
This was written relative to the history of log x, but applies equally well to that of log b. 
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